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This document " Mathematical statistics supplement ", aligns with the taught

curriculum and serves as a supplementary course in statistics. It is aimed at
third year undergraduate students in demography (LMD system) to enhance
their knowledge in the fields of descriptive and inferential statistics.

Descriptive statistics aim to summarize the information contained in data
concisely and effectively through graphical representations, measures of
central tendency, measures of dispesion, and ultimately to identify the essential
characteristics of the studied phenomenon’.

Inferential statistics, on the other hand aim is to make predictions and
decisions based on observations through the study of hypothesis tests by

studying hypothesis tesis.

This course material is organized into two chapters and ten courses.; the first
chapter is devoted to descriptive statistics with definitions of notions,
fundamental concepts, the study of statistical distributions in a single
dimension, the presentation of data, graphical representations, characteristics
of central tendency and dispersion.

The second chapter covers inferential statistics, specifically hypothesis
lesting; their principle, and types such as conformity tests and homogeneity
tests.

Various solved exercises are integrated into the mentioned courses to

Jacilitate student understanding.

- The courses will take into account series with one variable,

5



The objective of these courses are twofold: firstly, to enable students to
organize observed data; group them into tables and graphs, reduce them into
parameters and indicators, and explain the obtained results.

Secondary, to provide students with a methodology aimed at establishing a

decision rule that, based on sample results, allows for choosi

statistical hypotheses.

. (>l 1 -
Pedagogical plan for the course: ¥
AN T L

Subject: Mathematical statistics Supplement
Field: Demography

Level: Third- year demography (Semesters)
Total Hours: 36 hours (lectures + tutorials)
Coefficient:2

Evaluation: Continuous assessment+ final exam




Mathematical statistics supplement 3rd vear LMD

Chapter I: Descriptive statistics

to the collection and evaluation of data concerning a state. This science of the State
was a purely descriptive representation of geographical and social facts such as
climate, population, customs, economic organizations, etc.

From ancient times, leaders have carried out surveys of the population: Emperor
Yao (around 2200 BC) to find out agricultural production, the Egyptian pharaohs
(from 1700 BC- C.), Emperor Augustus in Rome for the number of soldiers, the
income of the citizens'.

The word “Statistics” was created more precisely in the 18th century by the
German professor Gotteried Achenwall (1719-1772). But statistics were used long
before as we have already seen. Indeed, human and land population counts have been
carried out since ancient times for war and taxation.2,

In the 19th century, there was the appearance of probability calculation which is
closely linked to games of chance. This gave rise to a discipline called “Mathematical
Statistics™. during this period, the Belgian Adolphe Quetelet (A796-1874) transposed
the calculation of probability to economics and demography.

Today, this part of mathematics has taken on a large role thanks to new
techniques and the power of computers. Geography, medicine, human sciences,
economics, biology, politics, no field is spared.

Descriptive statistics methods make it possible to carry out studies using
exhaustive data, that is to say concerning all individuals in the population concerned

by the study.’.

- Jt, 3.. (2021). Some elements of descriptive statistics. http://www.gymomath.ch/javmath.

2~ Al Abassi, 1., El Marhoum, A {1999). Descriptive statistics course. Collection of the Faculty of Legal, Economic
and Social Sciences, Marrakech.

% Bressoud, é., & kahané, C. (2010). Descriptive statistics. 2nd Pearson edition.
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1-Definitions lj; o B v i

'J

"01se1y defined set to highlight

Statistics is a method of co e&:%mg, prese}l{ga and analyzing observations
relating to individuals belonging to he _samy
certain general properties of this set. Descriptive statistics is the part of statistics
whose role is to describe a phenomenon; in other words; to measure it, to evaluate
it, to classify the measurements, to present these measurements in the form of
tables or graphs, to summarize these measurements using a few indicators to have
a quick and simple idea of the phenomenon studied and also to make it possible to
make comparisons.

When the data only concerns a sample of the population, as in the case of
surveys, we use inferential statistics (inductive statistics), which uses probability
theory.

2-Terminology: basic vocabulary

The term statistics is rich in meanings, in the singular it is a set of mathematical
techniques for processing digital data. In the plural, statistics are synonymous with
numbers, data and digital information, indicating a pluraiity of phenomena through
the numbers attached to the apprehension of these phenomena*.

-Descriptive and inferential statistics

Descriptive statistics is a set of methods for describing, presenting, and
summarizing data. These methods can be numerical (sorting, drawing up tables,
calculating averages, etc.) and/or lead to graphic representations®. Inferential statistics
makes it possible to generalize the resuits of the sample to a larger group, this group
is called universe or population. Inferential statistics solve two fundamental
problems: parameter estimation and hypothesis testing which will be the subject of
the 2nd chapter.

-Population

The population designates a set of statistical units. Statistical units, also called
individuals, are abstract entities that represent people, animals or objects. Statistics 1s

used to describe all the statistical units that make up the population.

4 Bailly, p. Carrére, Ch {2007). Descriptive statistics - Course. Grenoble University Press. PUG.
3- Goldfarb, b.. & Pardoux. c. (2011). Introduction to the statistical method. manual, and correct exercises. Paris:
6th cdition, Dunod.
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Lﬁggra@y and was originally applied
%‘:aphy uag{g "With the idea of equality of

individuals, which led to the idea of the
-Statistical population

The term statistical population "

to categories of humans. Later, deg

The statistical population is all the elements to which the study relates. The
elements of the population are called statistical individuals or statistical units. The
population constitutes the reference universe of the study. If the population includes
N individuals, we will note Q = {wl...; ®N}, wi designating for i varying from 1 to
N the individuals who compose it. A sample of size n is a subset of n individuals
from the population (n <N).

-Statistical unit

Each element belonging to a population is called a statistical unit.

-Sample

A sample is a subset of the entire population. It must have the fundamental
properties of the whole from which it comes.

-Investigation

Survey is a set of operations that aim to collect information relating to a
population in an organized manner.

-Frequencies and relative frequencies

The effective (also called absolute frequency) of the modality X;, is noted n;, and
designates the number of individuals in the population presenting the modality X;.

The total number of the population is then: n=nl+n2 +n3+....+ni.

n= ) ni (the sum of ni, for i varying from 1 to r).

The frequency (default relative frequency) of the modality x; is noted f;, andis
defined by : fj=—

The frequency expresses the proportion of individuals presenting a given
modality. It can be expressed in the form of a decimal number (generally with a
precision of four digits after the decimal point) or the form of a percentage. In

statistics, the term frequency is used more often than that of proportion.

6. Bressoud. €.. & kahané, C. (2010). Descriptive statistics. 2nd Pearson edition.

9



,;?\‘j ey J’ X
Mathematical statistics supplement P/ANS A 3rd vear LMD

-Modality

Each character has two or mor “\

the “nationality” character can have as modality: Algerian, Tunisian, French... the
“number of children per family” character can have as modalities: Zero children, one
child, two children, and more than two children...etc.

-Variable or statistical character

A given individual in the population can be studied according to certain
properties. These properties are called statistical characters or variables. A statistical
variable denoted X, is an application defined on a statistical population and values in
a set M., called the set of modalities. The modalities correspond to the possible values
of the statistical variable (Figure 1).

If the number of modalities is noted r, the set of modalities of the variable X will
be noted: M = {x1; x2; ...; xr}.

-Qualitative variables

A statistical variable is said to be qualitative if the modalities are not
measurable.

Gender, occupation, and marital status are some examples of qualitative
variables. The modalities of a qualitative variable are words and can be classified on
two types of scale: nominal or ordinal. These two types of scale correspond to two
types of qualitative variables.

- Nominal qualitative variables

Nominal qualitative variables cannot be measured. However, their terms can be
coded. The order and origin of the coding are arbitrary, this coding can be numeric,
alphabetic, or alphanumeric. Therefore, a qualitative statistical variable is said to be
defined on a nominal scale if its modalities are not naturally ordered.

- Ordinal qualitative variables

An ordinal scale assumes the existence of a total order relationship between the
categories, that is to say, that we can classify all the categories, from the smallest to
the largest (or, conversely, from the largest to the smallest). The coding can be

numeric, alphabetical, or alphanumeric. Therefore, a qualitative statistical variable is

10
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said to be defined on an ordinal scale, if a ]

ét;rgs&aﬁ}i:s%h be endowed with an
order relationship. Fo

-Quantitative variables ol
Any variable that is not qualitative can o
modalities of a quantitative variable constitute the set of numerical values that the
variable can take.

A statistical variable is said to be quantitative if its modalities are measurable.
The modalities of a quantitative variable are numbers linked to the chosen unit, which
must always be specified.

There are two types of quantitative variables: discrete variables and continuous
variables.

These variables have clearly ordered modalities in common, for which the
difference between the values has significance, and on which it is possible to carry
out mathematical operations such as calculations of averages.

- Discrete quantitative variables

When the modalities are isolated numerical values, such as the number of
children per household, we speak of a discrete variable. Therefore, a quantitative

statistical variable is said to be discrete if the set of its modalities is finite or
countable. Thus, the set of modalities can be given in the form of a list of numbers,
M= {Xy, X2 X3 ... ... X .. } finite or infinite.

Most often, the modalities belong to the set N of natural numbers (N =
{0;1;2;3 ....}). However, a discrete variable can take non-integer values’

- Continuous quantitative variables

When the variable, for example, the height of an individual, can take all the
values of an interval, these values can then be grouped into classes, and in this case,
we speak of a continuous variable.
A quantitative statistical variable is said to be continuous if all of its modalities are
not countable. Thus, a continuous variable can take all the values of an interval. To
study a continuous statistical variable, classes or intervals of possible values are

defined. The classes retained constitute the modalities of the variable.

7_ Bressoud, é., & kahané, C. (2010). Descriptive statistics. 2nd Pearson edition.
11
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We call: class amplitude [a;; b;] the ing the length of the

interval and defined by :  A; = [b; — aj]
\

class limits.
The number of classes, k is calculated by one of two formulas:
Sturge's rule k=1+3.3log(n)
Yule's rule k=2.5(n)*

Variable
|
] | . 1
Numeric | Categorical
" ______r__-_,f 'H___._._._.__.I _____ -
i : ) 1 : | | |
ContinuousJ . Discrete i Ordinal | Nominal

Figure 1: Statistical variables

12
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Course 2:

Based on sources Based on organization

* Primary data * Rawdata

¢ Secondary data *  Organized data /
Classificd data
Types of Data

Based on values Based on variables

*  Discrele data e  [Umvariate data

e (Continuous data  Rivariate data

__*  Multivariate data

Figure 2: Type of Data®

1. Distribution of frequencies

The statistical tables containing the numbers and/or frequencies are the first
exploitation of the raw data.

2. Raw data

We call raw data that we have collected without deviating from the notion of
order.

3. Statistical table

It is essential to define the population and rigorously specify the variable(s)
recorded on each individual in the population or sample representing it. When the
observations have been collected, the first task is to present them, as clearly as
possible, in the form of a statistical table.

This table reveals the statistical distribution by presenting the type of couples

(xi; ni)®, where the xi are the modalities and the ni their respective effectives. It is

2. In these courses, we focus on univariate Data.
°- i integer varying from 1 tor, if r designates the number of modalities of the character.

13
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-

Ty 13
\/5/

'}Eeaﬁha.sﬁ fical unit the modality of

also possible to present the frequency dis y, the couples of type
(xi; fi).
4. Raw data and flat sorting

Or elementary table the table showing

&

x\

the variable studied. Flat sorting is the transformation that allows you to move from
the raw data table to the statistical distribution table presenting the categories and
numbers, the categories being classified in ascending order.

5. Discretization

In the case of a continuous quantitative statistical variable, it is necessary to
define classes to be able to propose a flat sorting. We call discretization the division
mto classes of a quantitative statistical series.

This division into classes raises many questions: choice of amplitudes, constant

or variable amplitudes, number of classes, etc. (see the exercise solved later).

6. Distribution of cumulative frequencies and relative frequencies:
quantitative variables

6.1-Increasing cumulative frequencies on discrete variable

If X designates a discrete quantitative variable, we call increasing cumulative
frequency, denoted nicc, the number of statistical individuals for which we have :

ncc=n,et ncc=n, +n, + ...+n.= an ‘

b=t

If the series has r modalities, x; then designates the greatest value of X

s

ncc=n, +n, + ""+“r=2“k =n
=1

6.2-Increasing cumulative relative frequencies on discrete variable
With the same hypotheses, we define the increasing cumulative frequency,
denoted ficc, representing the proportion of statistical individuals for which X is less

than or equal to xi. We have:
fee=f et fecc=f, +f, + ...+ = Z'f”

Or:

14
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.00

fl =

n

If the series has r modalities, X:

fee=f+fitnsf = Z_ fo=1

Or 100 if relative frequencies are expressed as percentages.

In the case of a continuous quantitative variable, the data are grouped into
classes [ai; bi[, and we define, in the same way as for a discrete variable, nicc the
number of statistical individuals for which X is less than or equal to bi, and ficc the
proportion of statistical individuals for which X is less than or equal to bi.

6.3-Decreasing cumulative frequencies on discrete variable

If X designates a discrete quantitative variable, we call decreasing cumulative

number, denote nicd, the number of statistical individuals for which

Ona:ncd=n;ncd=n, +n_, + ... +z3r=2u_,,,
ncd=n, o

r designating the number of modalities.

6.4-Decreasing cumulative relative frequencies on discrete variable
With the same hypotheses, we define the decreasing cumulative frequency,
denoted ficd, representing the proportion of statistical individuals for which X 1s

greater than or equal to xi. We have:

fad=1;fcd=f +f_ , + ..,.+fr=i_f;.__
And: B
fod=f,

Or:

fdi ncd

n

15
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tﬂf u—&lﬂi_rthe dg are grouped into

classes [ai; bi[,and we define, in the sam \'\W / as for a/dssgfé.e variable, nicd the
X _'t‘e’f“ than or equal to ai, and ficc

In the case of a continuous quantit

number of statistical individuals for which

the proportion of statistical individuals for w]uch X is greater than or equal to ai.

16
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Solved exercise

L:‘_‘:'““x
f{u

. et
The series represents the blood glucose | lyve'ma dé;:rmmed in 32 subjects is
P - vgl\g /) y

given below in g/l *'i: o ‘5’}'

Ordered series:

0.85 0.95 1,00 1,06 111 1,319
0.87 0,97 1,01 1.67 113 1,20
0.90 0,97 1.03 1.08 1.14
0.93 0,98 1.03 1,08 1,14
0.94 0,98 1.03 1,10 1,15
0.94 0.99 1.04 1,10 $17

1- Give the discretization of this series (the division into classes).
2- How many classes are there?
3- Calculate absolute frequencies and increasing cumulative numbers.
Solution :
We have:
n= 32 and the Yule formula gives:
=2.5(32)"4=594~6.

We have 6 classes to divide; the fi and the ncc are mentioned in the table below:

' Classe g/l o0/l I, | f. i,

| [0.85:0.91] 0.88 3 3/32 3
[091:0,97[ 0.94 3 4/32 7
[0,97 : 1.03] 1,00 7 7/32 14
[1.03:1.09[ 1.06 8 8/32 22
[1.09: 11§ 1.12 6 | 6/32 28
[1.15;1.21] 1.18 - 4/32 32

nzzn =32 Z.rgzi

17
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Course 3: Graphical repr sj:mtaﬁ“ﬂﬁif uiﬁYarlate data
Although the statistical table contains '

Q'&-ij 1y
\ a&}écthe info t@ gathered, it is very
important to translate it into a graph. The graphic aePresentation of a frequency
< W =t

[

distribution makes it possible to visualize and detect its main characteristics.

The appearance of statistical graphics, linked to the use of coordinates, essentially
owes its origin to the philosopher and mathematician René Descartes (1 596-1650)1°.
These graphs constitute an essential visual synthesis of the information contained in
the statistical table.

The graphics used depend on the nature of the variable. The diagrams used to
represent the distributions of numbers (or frequencies) are circular diagrams (or
sectors), organ pipe diagrams, bar charts, histograms, and the polygon of numbers.
For cumulative distributions, we will use the polygons of increasing and decreasing

cumulative numbers (or frequencies).

1-Graphs for qualitative variables

Qualitative variables — nominal or ordinal — can be represented using a circular
diagram or an organ pipe diagram.

1.1-Circular diagram

The circular diagram, also called a “pie chart”, allows a representation of the
distribution of a variable in a circle which represents 100% of the modalities (Figure
3).

A circular diagram is a graph made up of a circle divided into sectors whose
central angles are proportional to the numbers (or frequencies). The areas of the
sectors are proportional to the numbers. The angle ai of an effective modality ni is

given in degrees by:

o =—x30= x360

It is also possible to use a semi-circular graph in the shape of a half-circle
(180°).

10_ Bressoud, é., & kahané, C. (2010). Descriptive statistics. 2nd Pearson edition.
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144°

Mathematics

Science

i

Figure 3: A pie chart shows the favorite subjects of students in a class

1.2-Organ pipe diagram (in bars)

The organ pipe diagram is a representation of the distribution of a variable

according to horizontal or vertical rectangles all having the same base, of arbitrary

width (Figure 4).

An organ pipe diagram is a graph that, for each modality of a qualitative

variable, associates a rectangle with a constant base whose height is proportional to

the number (or frequency). The areas of the sectors are proportional to the numbers.

Rectangles are generally disjoint, vertical or horizontal.
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Numberof Students
(& X

o [ ] .
= |
|
FHERRTRTEN R
fh= '-'I ..(..- = > ﬂ

Jan Feb Mar Apr May

Month

Figure 4: A bar graph: Birthday of students by month

2-Graphs for quantitative variabies

The graphic representation of a quantitative variable depends on its nature:
discrete or continuous.

2.1-Discrete variables: bar diagram

The distribution of a discrete quantitative variable can be represented by a bar
chart.

A bar chart is a graph that associates with each modality of a discrete
quantitative variable a segment (stick) whose height is proportional to frequencies (or

relative frequencies) (Figure 5).
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Figure 5: Bar and polygon diagram of population numbers (number of

people per household in a country

2.2- Continuous variables: Histogram

A histogram is a diagram composed of contiguous rectangles whose areas are
proportional to the numbers (or frequencies) and whose bases are determined by the
class intervals (Figures 6 and 7).

In the case of a continuous quantitative variable, we define the effective density di
of a class of effective ni and amplitude Ai by: di = ni / Ai (or, in the case of
frequencies, fi/ Ai).

When creating a histogram, it is essential to distinguish two cases.

1. If the class amplitudes are equal, the height of the rectangles will correspond to the
numbers (or frequencies) of the classes.
2. If the amplitudes are different, to constitute the histogram, it is necessary to:
— calculate, for each class, the amplitude Ai;
— calculate the density di = ni / Ai for a histogram of the numbers, and di = fi / Ai for
a histogram of the frequencies;

— assign to each rectangle a height proportional to the density di of the

corresponding class.
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f,

e

eight is then called

onvention amounts to

Let min(Ai) be the minimum cl é \ém‘pw M :IE::*

The classes having amplitudes min (Ai) are then represented by rectangles

“corrected effective” and noted nic = di\ .

adopting min (Ai) as the class amplitude unit. "

whose height is the number. Likewise, it is possible to retain as height the corrected
frequency fic = di min(Ai), with di = fi / Ai in the case of a frequency histogram. The
use of min (Ai) is an optional convention; a histogram is correct as long as the
corrected numbers (or frequencies) are proportional to the densities.

Solved exercise

The human resources manager of a company noted the following statistical
distribution corresponding to the seniority of management personnel in the company,

expressed in years:

Classes | Frequency

[6,5; 8] 3

[8;9,5] 8
[9,5; 11] 12
[11;12,5] 19
[12,5; 14] 9

[14;15,5]
[15,5; 17[ 4
Total 60

The histogram of the workforce is presented with, on the same graph, the
polygon of the workforce plotted as a solid curve. This polygon makes it possible to
represent the distribution in the form of a curve; when the class amplitudes are equal,
it is obtained by joining the midpoints of the upper bases of each rectangle of the
histogram by line segments.

We generally add a class of zero sizes, on either side of the histogram, to respect

the area compensation rule: the total area of the domain located between the x- axis
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and the polygon is equal to the

represents the total frequency.

sum of thg

vles of the histogram. It

Figure 6: Histogram and frequency polygon, equal intervals (seniority of

company staff)

- Let's take another example (the previous one modified slightly):

Classes | Frequency
[6,5;8] 3
[8;9,5] 8
19,5; 11[ 12
[11;12,5] 19
[12,5; 14 9
[14;17] 9
Total 60

The classes being of unequal amplitudes, it is necessary to calculate the
amplitudes (Ai), the densities (di), and then the corrected numbers (nic) for each

class.

23



Mathematical statistics supplement 3rd vear LMD

Classes |ni | ai Di | Nic
[6,5;8] | 3 |150] 2 3
[8;95] | 6 |150| 533 | 8
[9,5;11] |12|1.50| 6 12
[11;12,5[ | 19]1.50 12,67 | 19
[12,5;14[| 9 |150| 6 9
[14;17] | 9 |150] 3 |45
Total [60| 3

We can then draw the histogram of the figure from the corrected numbers, as
well as the polygon of the numbers, in a solid line.

To trace the polygon of the numbers, we carried out an artificial division into
pseudo-classes of amplitude 1.5, from which we took the midpoints of the upper
bases to respect the rule of compensation of the areas: the areas of the triangles
outside the domain delimited by the polygon are equal to those of the triangles which

are located under the polygon.

Thus, the total area of the domain located under the polygon of the numbers is

equal to the total area of the rectangles of the histogram.

What is done in this example from the numbers can also be done from the

frequencies, to draw the histogram and the frequency polygon'’

20
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Figure 7: Histogram and frequency polygon, unequal classes

11_ Bressoud, é., & kahané, C. (2010). Descriptive statistics. 2nd Pearson edition.
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3-Cumulative Dmgrams

The distribution function of a discrete quantitative variable is a step function, that
is to say, constant by interval. In addition, it is increasing from 0 to 1 and defined by:
» if x <x1, F(x)=0;
» if x = x1, F(x) = ficc;
e if xi <x <xi+ 1, F(x) = ficc;

o if x> xr, F(x)=1.

Erequencies %o

100 - —h—
B
e . I
e
S0
%
251
0 T . , T ,  Number o people
_ per household
] 1 2 3 4 D 6

Figure 8: Cumulative diagram (discrete variable)

3.1-Distribution function of a continuous variable

A priori, the distribution function of a continuous variable is only known for the
ends of classes. However, if we accept the hypothesis of uniform distribution of
observations within each class, we can estimate the values of F(x) by linear
interpolation. This amounts to approximating the graphic representation by a
piecewise affine function: concretely, we trace the curve by joining two known

consecutive points by a line segment (this curve is also called Galton's ogive)'%.

12_ Bardin, B.M. (2016). Descriptive statistics course. Cango-Brazzavill: DEUG HAL.
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3.1.1-Polygons of increasing and/z%créﬁsmg c umElqtlve frequencies

\;

In the case of a continuous vari e\e ueﬁne,tt{é poly gons of the cumulative

increasing and decreasing frequencies

T %}@E/sa’ /they will be used in particular to

determine the median of the series.

Example :

Classes Fi Terminal Class | fec | fed
0 0 100.00
[0; 15[ 21.40 15 21.40 | 76.60
[15;25] | 16.60 25 38.00 | 62.00
[25,60[ |51.10 60 89.10 | 10.90
60 and over | 10.90 95 100.00 | 0.00
:
110
mrz.l__ ............................................... e
%ELI__LZ;\ZIZ;__IZZZZ:"__'ZZ____Z___:::Z_____Z:
o N =
2o R —— DR —&—iec|
.l? __________________________________ --fod e -
oy .
g {0 T oSOy SRy S e I B e & e
8] : : x -m— X
o 10 20 30 40 50 60 70 80 90 100

Figure 9: Polygon of increasing and decreasing cumulative frequencies

(continuous variable)

-How to make choice out of various graphs

- A bar graph is used to indicate the comparison among different categories

where independent variable is non-numerical.

- A pie graph is used for comparing parts of a whole, they do not show any

changes over time.
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- A histogram is used for representing

- Frequency Polygon is used to unders
- The histogram and frequency polygon
the same data set.
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ourse 4: The characteristics of central tendency

N

‘E\

As a result, man is led to determine the central characteristics (mean, median,
etc.), to construct graphs (histograms, pie charts, etc.), to calculate dispersion

13

characteristics (standard deviation, variation ratio, interquartile range. .., etc.)

The parameters of central tendency are quantities likely to best present a set of
data.

These central values are the means, median, and mode.

I-The Mean

The mean constitutes one of the fundamental parameters of central tendency but
is not sufficient to characterize a distribution. Complementary to the mode and
especially to the median.

There are several types of averages; each adapted to specific situations.

A- The arithmetic mean

i- The simple arithmetic mean : The mean for ungrouped data

Example: either the series of numbers. The arithmetic mean of this series of

figures is calculated as follows: {8,5,9,13,25}

=  8+5+9+13+

= =12
5

In general ;

*Bardin, B.M. (2016). Descriptive statistics course. Cango-Brazzavill: DEUG HAL.
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2- The mean for grouped data

E-xamp}el :

and 9 or 13 are repeated. The presentatlon can o "phﬁed by grouping the data
by values (Table 1).
ni 5 8 9 13 25
ni 2 2 2 3 1
ni.xi 10 16 18 39 25

Table 1: Calculation of the mean for grouped data

The mean for grouped data is then calculated by taking the weighted sum,

that is to say, the sum of ni xi and dividing by n. it is equal to

f (5.2)+(8.2)+(9.2)+(13.2)+(25. 1)
10

=10.8

In general :

Example2

Consider the following Table:

Class Interval Ni ci ni.ci
[5—13[ 6 9 54
[13 — 28] 3 7.5 21.5
[28 — 54 5 41 205

Table 2: Calculation of the mean for values that are grouped by classes
We apply the previous formula but replacing xi with this:

S 1

X _E‘E'(”"C’}

In the example; we therefore:
29
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P 4 = =,
_ {6x9)-(3x7.5)-(5x41) 54-225-205 2815 P/ ;
- = = = 2{¥§1 B
X 14 14 14 ; ol *@

3- The Trimmed mean
Example: the series of grades of a student during the
year:{11,12,13,2,14}

If we calculate the simple arithmetic mean,we obtain:

- 1-2-13—;1—14_2 . J—

But if we remove the number 2 and recalculate the average trimmed from 4 notes,

we will have:
E_12—13—‘H—14 _ﬂ_ 125
4 4
Trmmed interval
A
- =
) 2 11.12.13.14
2 was arbitranly >

excluded | i | | .
[ 1 1 11

Figure 10: The Trimmed mean

B- The quadratic mean

1- The simple quadratic mean

Example: either the series of numbers. If we calculate the simple arithmetic
mean we obtain Zero. { —4,—2, 0, 2, 4 }

The quadratic mean is an average that finds applications when dealing with

phenomena having a sinusoidal character with an alternation of positive values

and negative values. It is widely used in electricity™.

4Bardin, B.M. (2016). Descriptive statistics course. Cango-Brazzavill: DEUG HAL.
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We calculate the simple square mean by add !’

series and taking the square root of the total. \

Let’s take the previous example:

q - JEFCH-OF P -GF _ [16-4-0-4-
¥ 5

In general :

2- The quadratic mean for grouped data
Example :

Consider the following Table 3:

Xi Ni x¢ ni.x?
25 10 625 6250
8 16 64 1024
4 25 16 400
12 20 144 2880

Table 3: Calculation of the quadratic mean for grouped data

The weighted root mean square formula:

Applying this formula in another example:

J T[ 2 105“4_12__192?

NB: when the values are grouped into classes, it is necessary to calculate the class

centers and apply the formula above, replacing xi with here.
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C- The geometric mean

these values.

The geometric average is an instrument allowing the calculation of average
rates, particularly annual average rates. Its use only makes sense if the values have
a multiplicative nature.'”.

G- n";

Example

Or the series of numbers. The geometric mean of this series is equal

to: {8,5,9,13, 25}

G —[8x5x9x13x 25F -~ §117000 = 10,32

2- The geometric mean for grouped data

The general formula for the weighted geometric mean is:

G =| |'] x|
Where: a series of numbers and the corresponding
numbers. {X1, X5, X5 e oo . XpHNq, Nz, N3 e ve e D

Using the data from Table 3:

We calculate the geometric mean for grouped data as follows:

5Bardin, B.M. (2016). Descriptive statistics course. Cango-Brazzavill: DEUG HAL.
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G={[1a | =[28" 8" us a2 [F
1

71

InG - —[10In25+ 16In8 + 25In4 + 20In12]

ING - —-{32.1888.+ 32,2711~ 34,6574 - 48,6981] \

149,815

InG = 21100704

G-e”"* _B,2488

D- The harmonic mean

The harmonic mean is the reciprocal of the arithmetic mean of the reciprocals
of the values. The harmonic mean can be used when it is possible to assign a real
meaning to the reciprocals of the data in particular for exchange rates, equipment
rates, and speeds. It is particularly used in the calculation of indices'®
1- The simple harmonic mean

Or a series of numbers. The formula for the simple harmonic mean

iS:{Xl, Xz, X3 wee e Xn}

Example: either the series of numbers: .{8, 5,9, 13, 25}
The harmonic mean of this series:

n 5 5 _
1 1 1 1 1 1  0,5530342

2% 8 5 9 13 25

2- The harmonic mean for grouped data
Or a series of numbers and the corresponding
numbers. {X1,X5, X5 v oo . Xp g, Bip, 03 e v D }

The harmonic mean formula:

18_ Goldfarb, b., & Pardoux, c. {2013). Introduction to statistical method, statistics and probability. Paris:
7th edition, Dunod.
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o I.n \\
4 4 . <\
%' X, : ] Y i ":r._ |
T 'E
: : \ ¥, /g
Using the example from Table 3, the harmonic mean$z;- <
: s J\s-“ V‘A\
L. 71 71 o 5887

<n 10 _16_25 20 0.4-2-6.25-166667 103167

Ly 25 8 4 12

Soived exercise

Consider the following series:{2,5,11, 18}

1-Calculate the arithmetic mean, the quadratic mean, the geometric mean and
the harmonic mean.

2- What do you notice?

X=9

G= V2x5x11x18 = 6.67
pa— 4 —

Sl Tl

Q =J-1- (22 + 52 + 112 4 182) = 10.88

We note that :
Xmin< HL G< <Q <Xmax X

II-The median

The median of a series is the value that divides this series, previously classified,
into two series with equal numbers. In the first series, we find the values lower than
the median. In the second series, we find the values greater than the median.

The median is only calculated for quantitative data and its method of calculation
depends on the type of data. We will distinguish four cases: ungrouped series whose
number is odd and where no value is repeated,

— Series grouped by values,

— Series grouped by value classes.
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r isven and 'ng],aere no value is repeated.

s

Consider the series of following numbers: {8, 5,9, 13,25}

To find the median, we must:

a) Classify the series in ascending order of values

b) Locate the value which divides the total number into two equal sub numbers

by applying the formula (n+1)/2, that is to say here (5+1)/2=3. The third value in the

series is 9'7.
| 7%
{I5 8 '.\hQ ) 13 25|}
/" A '\
Vahies below the median Tha osdiin %Walues akove the median

The total effective is divided into equal parts.

B — Calculation of the median: even number and no value is repeated
When the number is even, it is necessary to calculate the median of the series.
Example: either the following series:{13, 1,9,10,2,4,12,7}
To find the median, you must:
a) Classify the series in ascending order of values
b) Apply the formula (n+1)/2, that is to say here (8+1)/2=4.5. Thus tells us that
the middle interval is made up of the 4th and 5th values. The median is

therefore equal to the simple arithmetic mean of these two values:

Me=(7+9)/2=8

EERA O PRTRPIE
Iy

Values below the median The median ialues above the median

“Mazerolle, f. (2005). Descriptive statistics, LMD memo, statistical series with one and two variables -

time series. Gualino indices publisher EJA.
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X, n f F(x) N(x)

2 > |o.066 | 0066 2

8 3 0.1 | 0.167 5

9 4 |o13| 03 9

10 a |0133| 0433 < 13 g 2:;\
Median =11 || G <] 5+« o674 os <] T B

12 3 01 | o7 21

13 6 02 | 09 27

15 1 | 0033 | 0933 28

18 2 |oos7| 1 30

Table 4: Calculation of the median when data is grouped by values

We propose here the method described by Bernard PY'®:

To determine the median, we locate 0.5 in the column of cumulative
frequencies F(x) or n/2 in the column of cumulative numbers N(x).

- We then choose the value F(x) equal to or immediately greater than 0.5
(or the value N(x) equal to or immediately greater than 1/2) and we follow the
direction of the arrows as indicated in Table 4. In our example, there is no value F(x)
equal to 0.5, the value immediately greater than 0.5 is 0.6 (and the value immediately
greater than n/2=30/2=15 is 18).

- So, by following the arrows, we go back to the value which corresponds
to the median, i.e. 11. We then notice that the median does not separate the number
into two equal parts. Indeed, 13 values are less than 11 (i.e. 43.3% of the

frequencies) and 12 values are greater than 11 (i.e. 40% of the frequencies).

18_|n his work: Descriptive Statistics, Editions Economica, page 76.
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cumulative curve of the numbers. This “stepped” bu%mhasas its ordinate the

Graphical determination of the median

Figure 11 illustrates the determination of th

numbers whose value is strictly less than xi.

93 & Nix)
22 - —_—
F L by
21 - —
18 L o
n/2=30/2=15 =
13 el »&) M
N/
13 -
g - ~.
i r #.
2 = =I—l=_==—-
 o—— (PR, SN, SR, S R 1 — I -
z € 9 10 Q 2 13 15 13 X
= Median

Figure 11: Graphical determination of the median from the cumulative curve

To find the median, we must locate n/2=30/2=15 on the y-axis, then draw a
horizontal arrow to point M. Once at point M, you must draw a vertical arrow in the
direction of the abscissa. We then read the value of the median which, in our

example, is equal to 11"

D — Calculation of the median: numbers grouped by value classes

In this case, we apply the following formula:

4

i - v
g - £ }
M =x L vg |=——

*Mazeroile, f. (2005). Descriptive statistics, LMD memo, statistical series with one and two variables -

time series. Gualino indices publisher EJA.
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of equal amplitudes.
X, I Nix )
[0-5[ 2 2
[5-10[ 7 9
[10-15] 18 27
[15-20] 3 30

Table 5: Values grouped by classes of equal amplitudes®

- )| _l15-0]
M =3 +agx|=——-|=10+5x — = 11.666
' ’ 7, s !

e |0
I
s
ny
I

I1I-The mode
The mode of a series is the most frequent value in that series. A series can have
several modes. The calculation depends on the data type.
A — Mode calculation: simple series, no value is repeated
Consider the series of following numbers: {8,5,9, 13, 25}
There is no mode because each value is only repeated once (the frequency of each
value 1s 1).
B — Calculation of mode: numbers grouped by values
Example: Consider the series of numbers {8, 8,8,7,4,4,4,4,4,5,5,5,5, 6}
The most frequent value in this series is: 4. The bar chart (Figure 9) clearly

shows the modal value found.

20 The procedure is the same if the classes are of unequal amplitudes.
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Figure 12: Determination of mode

C - Calculation of the mode: numbers grouped by classes of equal
amplitudes
Example: we take the example from Table 5

X, n, Nix |
[0-5] 2 2
[5-10[ 7 g
[10-15] i8 27
[15-20[ 3 30

The data are grouped by classes of equal amplitudes.

The applied mode formula:
Mode = x* +a 4
' d +d,
X " = Borne inférieure de la classe modale a = Amplitude de classe
d,=n-n_, et da=n-N
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modal class

{!.i 1 »)

;* d,=n-n_,=18-3=15

=

o

5 x" - 10

Figure 13: Calculation of the mode (classes of equal amplitude)

il . 1
Mode = x! <4 al — =10+ 5]

1 | —12.1]5
d +d, VEL+15)

L

D — Calculation of the mode: numbers grouped by classes of unequal
amplitudes

Example: consider the following table presenting data by unequal classes.

X, i, a, h - il
a
[0-10[ 8 10 0,9
[10-12[ 2 2 4.5
[12-200 12 g8 15

Table 6: Values grouped by class of unequal amplitudes
In this case, to calculate the mode, it is necessary to apply the previous
formula, but the definition of d1 and d2 changes, because it is necessary to replace
the effective ni with the corrected amplitudes hi=ni /ai. We therefore have, the
following about Figure 14 that represents the histogram corresponding to Table 6 (on
the ordinate we have the ni /ai and on the abscissa we have the classes of values of
unequal amplitudes).
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5’/ %

a =2
15 EaERE
- i N
| |
} d,=h-h_.=4 5-1.5=3
d.=h-h,_=4.5-09=3.6 z ;
! !
15 | i S =
.9
a4
X -10 12 20

Figure 14: Calculation of the mode (classes of unequal amplitudes)

h_.=n_J/a_,=9/10=09 h=n/a=9/2=45 h_=n_,/a.,.=12/8=1.5
d,=h-h_, = 4,509=36 d.=h-h_, =4.5-1.5=3
1 I 3.6
et Mode=x, +u —t—=10+2x| ——=1L09Y
u"‘.“-n’.f-. L 3.6+3 !
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IV-Characterizing the shape of a distribution using the arithmetic mean,

Qaﬁ{\and mode
; > \Perfectly symmetrical distribution

9. edanty CSE ider the following table:
% ela / g/

é(:\ 4
\...\ - v 1 2 3 5
\\- .lln F M/ xl

L

i

I
=
A
3¢

mn 7

Table 7: Perfectly symmetrical distribution
The calculation of the three indices reveals that:
X=Me= Mo=3
The distribution is perfectly symmetrical as illustrated by the bar chart m

Figure 15.
I
Avithmetic mean = Aedian =\ode =
¥
5 | t
g4 F 4 3
2 -
i ¥
| 2 3 4 g8

Figure 15: Perfectly symmetrical distribution’

21_ Mazerolle, f. {2005). Descriptive statistics, LMD memo, statistical series with one and two variables -

time series. Gualino indices publisher EJA.
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’,/_3}? %
B - Distribution spread to the rig 5,
Consider the following table: [\\3 ol 1
AN
—
X, 1 2 \1:)“" L 4 5
i 10 ] & 4 2

Table 8: Spread distribution on the right

We note that :X=2.33> Me= 2> Mo= 1
The distribution is spread to the right as shown in the bar chart in Figure 16.

Mode =1

T * .
- Aledian=C
F

Agnthmetic mean

Figure 16: Spread distribution on the right
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C - Distribution spread to the left

Consider the following table:

, z 4

Table 9: Spread distribution on the left

The calculation of the three indices reveals that:X= 3.7 < Me < MO= 5

The distribution is spread out to the left, as shown in the bar chart (Figure 17).

Moda = 5
1,
™
— e
10 Aledian =4 -
~
& -
-
=1
1 - i ;:_ O a o & o
-
V4
&
Anthmetc mean

Figure 17: Spread distribution on the left
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the series but do not tell us about the internal structure of the series.
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Course 5: Dispersio

The central tendency characteristics allow us to have rgnitude of

1- The variation interval
The interval, or “spread” or range is the difference between the largest
value and the smallest value of the variable.

Student A: {8, 9,10, 11,12} Student B: {2, 4, 16, 18}

The range of A gradesis: 12-8=4

The range of B grades is: 18-2= 16

We notice that the B notes are more dispersed than A.

This characteristic is the simplest but also the least significant. Its meaning is

clear and its calculation is extremely fast. These advantages make it frequently used
in industrial manufacturing control rather than carrying out complex calculations in

the workshop.

2- The interquartile range

The interquartile range is a measure of variation that is not influenced by
extreme values, unlike the variation interval. The interquartile range measures the
extent of the middle 50% of values in a classified data series.

Quartiles: the list of N data is arranged in ascending order.

The first quartile: is the smallest Q1 data in the list such that at least a quarter of
the data in the list are < Q1.

We obtain it by dividing n/4.

The third quartile: is the smallest Q3 data in the list such that at least three-
quarters of the data in the list are < Q3.

We obtain it by calculating n %‘
Example :

Consider the following series which represents the students' grades:

{3;3;4;10; 12; 13; 14; 18; 19; 20}
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The first quartile Q1 = 10/4 =2.5=3
We take the third value. 3 students had grades S 3
Ql=4

The third quartile Q3= 18. Q3="==7.5>

Q3 =7.5=8. We take the e1ght11 value. 8 students had grades <18.
The second quartile corresponds to the median
NB: if the data is repeated, the ncc (increasing cumulative numbers) is

calculated.
ncc 3ncc

Ql= — Q2= — Q3=

2.1-The boxplot

The box plot, from the English “Box and Whiskers”, sometimes also called “box
plot”, is a graph that summarizes the dispersion of a series from 5 values: the
minimum value and the maximum value (these are the “whiskers”), the interquartile
range (designated by its two values Q1 and Q3) and the median (these last three

values constituting the “box™).

Example: or the next series of numbers, where no value is repeated. The
number of digits is odd.

{4,13,17,7,1,3,9, 14,12, 20, 16, 15,11, 6, 5}

We know that Me = 11, Q =5 and Q3 = 16 having calculated them in example 1
of section 2 of this chapter. As for the minimum and maximum values, they are
respectively equal to 4 and 20. Let's classify the series in ascending order to better
show the different values involved in the boxplot.

{1,3,4,5,6,7,9,11,12,14,15,16,17,19,20}

CoVa b T2} & 7 & Gay 43 s +5 GeY 47 ol
ALi3 4 A5. 8.7 98 1) 12 13 15 \36).17 19 Q_/
a 4 r's A T
Minimum Q, Me Q, Maximum

The corresponding “box plot” graph is therefore: (Figure 18)
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Figure 18: Boxplot

3-Variance, standard deviation and coefficient of variation

Variance, standard deviation and coefficient of variation are the most frequently
used indicators to measure the dispersion of a series. These indicators provide
information on the dispersion of the data around the average?

The more the data is concentrated around the average, the lower the values of
these three indicators are. Conversely, the more the data is dispersed around the

average, the higher these three indicators are.

3.1-The variance
Consider a series of values of a variable X:{x;,X,, X3 ..... Xy}
Or the associated effective. The variance of this series is

written:{n,, n,, N3 ..... N}

Te =l **‘-‘-!.‘ | x i population

7" Sntx XY sample

The variance of the series will be written:

1
— %= -F]

Noticed

When the data is grouped by class, it is the class center ci which replaces xi in

the previous formula.

ZMazeroiie, f. (2005). Descriptive statistics, LMD memo, statistical series with one and two variables -

time series. Gualino indices publisher EJA.
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Example?

Calculate the variance of this series.

X | Ax-X  (x-7y
fl 2z | &z T B
5 | az 10.24
¥ | a2 1,44
1 7.2 51.84 | -
g 3R _en g 0.8 0,84 };}?:x B = = 247
n ‘ 13 48 23.04
5 | 22 4,84
= | se 45.24
8 | o2 0.04 ;
e | e g0.84 |

- If the numbers are repeated by values:

& = l‘frr:x‘ e -!-‘!"r} X-7

fj = n=

Example: Consider the following table:

X 2 = =] 11 15
n 5 2 4 3 <

Calculate the variance.

X 4] n.x s n.x; 2 ~r
Tl San =0 g
z s 10 4 290 26— 28
g o e4 a8 324
1 &
R, ¥
g 4 5 81 324 P AL
1
11 3 a3 121 383 7 =—2156 - (8]
15 s 75 225 1125 o = B2 G231 -84 - 186231
26 208 2158
e —_———ee
Totals

#Mazerolle, f. (2005). Descriptive statistics, LMD memo, statistical series with one and two variables -

time series. Gualino indices publisher EJA.
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3.2-The standard deviation
The standard deviation is equal to the square root of

Example :
Consider the following series: {2, 5,7, 1,9, 13,6, 15, 8, 16}

The variance of this series is equal to:

L <O L
3 - 10
The standard deviation is equal to:
rea 2376 = 4. BT
3.3-The coefficient of variation
ev = Zl.100
L] F { ]

Example**: The number of employees increased from 200 in 1994 to 280 in

2004. We want to know if the dispersion of salaries has increased. To do this, we will

calculate the coefficient of variation in 1994 and 2004.

Salarv Effective 1553 Effectve 2004
1000-2000 40 56
2000-3000 70 118
3000-4000 a0 sz
4000-5000 5 10
SO00-10000 5 4

“Mazerolle, f. (2005). Descriptive statistics, LMD memo, statistical series with one and two variables -

time series. Gualino indices publisher EJA.
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1564 B Z T
Salary m | no e’ S D\
02000 | 4o | 1s00 5000 2250000 20000009/ Ja' /_\ % \
20003000 | 70 | 2800 175000 6250000 4a7s000f g | S e e |
aono4o00 | 8o | as00 ZBO000 12250000 saooooopd | oelatl /)
005000 | s | 4soo 22500 20250000 101250000 \/ o
500010000 | 5 | 7500 37500 sez50000 | 281250000 |, — 37

200 575000

N . '
—

Totals

To calculate the coefficient of variation, you must first calculate the arithmetic

mean and the standard deviation:

- 1 & STSO00 ..
F=——%nc — = - 2B7S
200 = Z00
Eon000000
- '“1"-’“;:;""“ (2875 - 108828
i F
Z U

The coefficient of variation of wages for the year 1994 is equal to:

108828

= —g75— 100=37.8538
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1 Gdayy, \,5 apter II: Inferential statistics

- 3
\ xw(’? se 6: Hypothesis testing (General)

ey

1-Principle of a hypothesis test

Hypothesis testing is another important aspect of statistical inference.

A hypothesis test is an inference process making it possible to control (accept or
reject) from the study of one or more random samples, and the validity of hypotheses
relating to one or more populations.?’,

Statistical inference methods allow us to determine, with a given probability,
whether the differences observed in the samples can be attributable to chance or
whether they are large enough to mean that the samples come from presumably
different populations.

Statistical testing is a way of making an informed comparison based on the
observation of a sample. Everything being based on probability theory, it will not be
possible to know whether the decision taken following a hypothesis test is the right
one, but it is however possible to control some of the errors and keep them within
limits. acceptable rates in the context?®.

To decide whether the formulated hypothesis is supported or not by the
observations, we need a method that allows us to conclude whether the difference
observed between the value of the statistic obtained from the sample and that of the
parameter specified in the hypothesis is too significant. to be solely attributable to

random sampling.

2-Vocabulary
- Statistical hypothesis: a statistical hypothesis is a statement (an assertion)
concerning the characteristics (parameter values, shape of the distribution of

observations) of a population.

#- Ruch, J.-J. (2012-2013). Statistics: Hypothesis testing.
**Houde, L. (2014). Hypothesis Testing-Quantitative Analysis of Management Problems. University of

Quebec at Trois-Rivieres, Department of Mathematics and Computer Science.
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-Hypothesis testing: or statistical test Sf app oz@%ﬁg aims to provide a
decision rule allowing, based on sample re glts chogse bé een two statistical
\!

hypotheses. The statistical hypotheses that ar‘}‘@nsﬂg@a/nﬁzfn are called the null

hypothesis and the alternative hypothesis.

-Null hypothesis (HO): this is the hypothesis accordmg to which a parameter of
the population is fixed a priori at a particular value is called the null hypothesis and is
denoted HO.

-The counter-hypothesis (alternative hypothesis) (H1 or Ha): this is the
hypothesis that we would like to demonstrate. The more research that supports the
alternative hypothesis, the more reason there is to believe that it is true. It is said in
science that the more a theory stands up to the test of facts, the stronger it is.

-Simple hypotheses: comparison with a single value (u=50).

-Compound hypotheses: comparison with several values (p < 50).

-Error of the first kind: the decision to reject HO knowing that HO is true.

-Significance threshold (@): probability of committing type 1 error. It is the
risk agreed in advance to wrongly reject the null hypothesis HO when it is true.

-Error of the second type: accept HO knowing that HO is false. We will use an
estimator that minimizes the second type of error, but this error is more difficult to
quantify.

-Power of a test: probability of not committing the type 2 error, 1- where =P
(accepting HO | HO is false).

- Critical region: set of statistical values calculated on the samples for which
HO is rejected.

-Critical value: junction point of the acceptance region and the critical region.

3-Types of tests

Depending on the hypothesis tested, several types of tests can be carried out:

-Tests intended to check whether a sample can be considered as extracted from a
given population, about a parameter such as the mean or the observed frequency
(conformity tests), or about its observed distribution (tests adjustment). In this case,

the theoretical law of the parameter is known at the population level.
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-Tests intended to compare several oﬁ?ﬁatlbmpg? \equivalent number of
,. g:l mmmuo,gi/y used. In this case the
Nz aﬁ{n level. We can add to

this category the independence test which seeks f0 testthe mdependence between two

Mathematical statistics supplement 3rd vear LMD

samples (equality or homogeneity tests) ar

theoretical law of the parameter is unkno

characteristics, generally qualitative?’.

4- Steps of a hypothesis test

1- Formulate the null hypothesis HO and the alternative hypothesis H1.

2- Set in advance (before carrying out the survey) the significance threshold o

that is to say, specify the risk of wrongly rejecting a true hypothesis HO.

3- Specify the conditions for applying the test, specifying or not the shape of the
sampled population, indicating whether we are in the presence of a large
sample, whether the population variance is known or unknown, etc.

4- Specify the appropriate statistic for the test and set the reduced deviation.

5- Adopt a decision rule that will lead to the rejection or non-rejection of HO at
the chosen threshold a. This decision rule is defined based on the critical
values of the reduced deviation.

6- Calculate the numerical value of the reduced deviation, a value deduced from
the sample results.

7- Decision and conclusion. Compare the numerical value obtained for the
reduced deviation with the decision rule adopted in Step 5. Decide between

the two hypotheses formulated in Step 1 and conclude.

S- Formulation of hypotheses HO and H1 and type of test
To guide the discussion, suppose we assert that the averagep for example (a

parameter) of a population is equal to a particular value n0.

5.1- One Tailed or two-tailed test
The nature of HO determines the way of formulating H1 and consequently the

unilateral or bilateral nature of the test.

#7- Mouchiroud, D. (2003). Mathematics: Toois for Biology. Deug SV — UCBL
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5.2-Two Tailed-test ¥ g

L ¥ Y | &
When we are interested in the change\j ‘P@f@é“e ample in one of the
other directions (u>p0 or p<p0), we opt for %ﬂ’aﬁggl Jﬁé/{

The hypotheses HO and H1 are then:
HO: p= p0
HI: p#p0

We can schematize the regions of rejection and non-rejection of HO as follows:

£~ L is
= LL = i4
KEcicotion > - I ¢ Rojectiaorem
Rl-\":_'_'.l'I ™ Hl:_z-._'tf'-"

-~ :\\.‘L'K—-‘I""-a-].: PRI ."."
_ﬁ;ﬂ' reemen el

Figure 19: Two-Tailed test

If, following the results of the sample, the value of the statistic Clies in the
interval Xc1< X < Xc2, we cannot reject HO at the chosen significance threshold.

IfX> Xc2 or X < Xcl, we reject HO and favor H1.

5.3-One-Tailed-test

When we are interested in the change in the mean p for example in a single
direction, we opt for a one-sided test. The hypotheses are as follows if we are
interested in a change on the left side:

HO: p=no

HI1: p<p0

Left tail. We will favor H1 and X < Xc (rejection of HO).
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/ Y Rejectsan
7 / Rgiaen "»_ﬁ_‘
-,_7-."\ é—”f = .r"’-:"'a.ll_'t.'i_':‘l'{:_n U

Roesion e

Figure 20: One tailed-test (Left tail)

The hypotheses can also be stated as follows if we are interested in a change in
the other direction (right side):

HO: p=u0

Hi: p>po

Right-tail, We reject HO if we then consider H1 to be probable.X > Xc.

M, 28, = 4s,
H, - gr > gr,

)

RKajectizan
2 Region
SAcveplance>, |

e i AT N |

Figure 21: One-Tailed test (Right tail)

Remarks :

- A one-sided test always has only one critical value.

- Regardless of the type of test, the null hypothesis always has the strictly
equal sign and specifies the particular value of the parameter.

- Hypothesis H1 is formulated by choosing one or the other of the three forms
mentioned. We will choose the one most relevant to the practical situation
analyzed.

- In most hypothesis tests, the sign in the hypothesis H1 denotes which

direction the critical region or rejection region of HO is located.
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wish to control, the statements that bgi? erning the nature of the
populations studied (normality, equality of v and other criteria that we will

specify. .

A statistical test or a statistic is a function of random variables representing the
sample whose numerical value obtained for the sample considered makes it possible
to distinguish between true HO and false HO.

The conclusion that will be deduced from the results of the sample will have a
probabilistic character: we can only decide by being aware that there is a certain risk
that it will be erroneous. This risk is given to us by the significance threshold of the
test.

5.5- Risk of error of the first type a
The risk of errorais the probability that the experimental or calculated value of
the S statistic belongs to the critical region if HO is true. In this case HO is rejected
and H1 is considered true.
The risk a of the first kind is that of rejecting HO when it is true
a= P( reject HO / HO true)
or accept H1 even though it is false

a= P( accept H1 / H1 false)

5.6- Risk of error of the second type B

The risk of error B is the probability that the experimental or calculated value
of the statistic does not belong to the critical region if H1 is true. In this case, HO is
accepted and H1 is considered false.
The risk B of the second kind is that of accepting HO even though it is false

B= P(accept HO / HO false) or P(accept HO / H1 true)
or reject H1 when 1t is true

B=P( reject H1 / H1 true)
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3.7- The power of a test (1 -8)
The tests are not done to “demonstrate” HO but to “reject” HO. The ability of a
test to reject HO when it is false constitutes the power of the test.

The power of a test is: 1 -B= P(reject HO / HO false) = P(accept H1/H1 true).

(0

Figure 21: The relationship between the two risks of errors

Noticed :
The power of a test depends on the nature of Hl; a one-sided test is more

powerful than a two-sided test.

The power of a test increases with sample size N studied at the value of o

constant. The power of a test decreases when o decreases?.

The different situations that can be encountered in the context of hypothesis

testing are summarized in Figure 23:

*Mouchiroud, D. (2003). Mathematics: Tools for Biology. Deug SV — UCBL.
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Truth
No diff Diff

Hg to be not rejected Ha to be rejected (Hy)

" Right dedision =l B |

|

i 1-u

! Type II error
value H, rejected (Hi) a Right decision

- | 1-6
- Typelerror

Figure 23: Type of errors
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lf@()urse 7: Conformity tests
|

ST}

extracted from a given population or representative of this population, concerning
a parameter such as the mean, variance, or observed frequency. This implies that

the theoretical law of the parameter is known at the population level ..

1.1-One mean test

| Test For ' Null . Test Statistic = Distribution | Use When
J . Hypothesis |
| (Hy) |
[ H I |
v v : v
, p=y, | (X-4,) |Z ' Normal distribution
Population o | or n>30; ¢ known
mean (y) : Jn '
Population u=y, (_.\7—1.:“ ) t ' n< 30, and/or o
mean (y) - ' unknown
- _
Vi1 '

Figure 24: One mean test
The aim is to know if a sample of X mean, “p estimated”, belongs to a known
reference population of hope i (HO true) and does not differ from po that by sampling
fluctuations or belongs to another unknown population of expectation p (H1 true).
To test this hypothesis, there are two statistics: the variance o® of the reference
population is known (teste) or this variance is unknown and must be estimated (T

test).

*®Mouchiroud, D. {2003). Mathematics: Tools for Biology. Deug SV — UCBL.
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1.1.1- Known population variance (known standard dey
1.1.1.1 -Test statistics
Either X the sampling distribution of the mean in the unk

a normal law such that:
X - A \/U— i,
i

The statistic studied is the difference: S =0 whose probability distribution is

as follows:

[c*
S— 0. \}— ]
#  with under HO, E(S) = 0 and
Vs = g

We can establish thanks to the central limit theorem the reduced centered

variable Z such that:

Z= 2
Fisi ],c,—:
Y #
Sous Hy: u=yy avec g~ conmie
X —pm
Z=—"F

=

" follows a reduced centered normal law N(0,1)

1.1.1.2 —Application and decision
The hypothesis tested is as follows:
HO: p=p0 against H1:p # n0
A value z of the random variable Z is calculated:

[:F - gfgl

=

Z:

!
Vo» also notedegs
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Z calculated (gobs) is compared with the véﬁ ﬂ;rés’ﬁl ld ref] from the table of
the reduced centered normal law for a fixed err ;ir Decm rerule 1).

-if eobs > ethreshold the hypothesis HO is rejecte

e gis @f’ ""'or a: the sample
belongs to a population of expectation p and is not representatlve of the reference

population of expectation 0.

- if eobs < ethreshold the hypothesis HO is accepted: the sample is representative of

the reference population with expectation p0.
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1 kg per bag. To test the quality of the filling process, 10 bags of sugar were taken. It
turned out that the average weight of these bags was 996g with a standard deviation
of 6g. it is specified that the weight of the sugar is normally distributed.

At the 95% confidence level, can we consider that there is a difference between
the actual weight and the indicated weight?

Solution :

This is a Two-tailed test for one mean.

1st method:

Ist step: Formulation of hypotheses

HO:p= 1000g

HI:p #1000g

2nd step: Calculation of the decision variable
Z=2Fe

vn
Z=-2.10

3rd step: The decision rule:

= -2.10 e[—Za/zi +Z°‘/z]

Therefore, we reject HO.
2nd method:
Ist step: Formulation of hypotheses
HO:p= 1000g
H1:p #1000g
2nd step:
Calculation of the two limits of the confidence interval: (the two critical values)

2C]_= u‘D - Za/z %
X1 =996.28
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Xe2= Ho + Zay, \/_%

%, = 1003.71

3rd step: The decision rule
We note that

%= 9962¢[996,28; 1003,71]
We reject HO.

H. is more prchable

Exercise 2 (Right-tailed test for one mean)

A military recruitment center knows from experience that the weight of its recruits
is normally distributed with an average of 80 kg and a standard deviation of 10 kg.
The center wants to test at a significance level of 1%, if the average weight of recruits
in the current army exceeds 80kg, then it takes a random sample of 25 recruits and
finds that their average weight is 85kg. Will the center accept or reject this
hypothesis?

Solution :

This is a right-tailed test for one mean.

1st method:

Ist step: Formulation of hypotheses

HO:p=p0= 80

Hl:p >80

2nd step: Calculation of the decision variable
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7= VDR=2}o
=
Z= 85;80
Jzs
7=2.5

3rd step: The decision rule:

Za= 2.33

80kg.

Z=2.5>2.33
So, we reject HO and accept H1:p >80, the weight of the recruits exceeds
2nd method:
Ist step: Formulation of hypotheses
HO: p=p0=80
Hl: p >80
2nd step:
Calculation of the upper bound of the confidence interval:
Xe= o + Zqg %: 80+ 2.33.
_ 10
V25
X, = 84,66
3rd step: The decision rule
We have :
X>X,
85>84.66

So, we reject HO and accept H1:u >80, the weight of the recruits exceeds 80kg.

H. Is more probable

A
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1.1.2- Unknown population variance (unknown standard deviation)
d.e_'.LT poiE
6pu1atiogi:}zariance is not
N J‘W

1.1.2.1 -Test statistics |
The procedure is the same as for the teste but ;

known, it is estimated by:

158

This is the point estimate of the variance.
We can establish, thanks to the central limit theorem, the reduced centered

variable T such that:

s d

Jis &

o S~E(S) j———if,

1

Under HO: p=p0 with ¢ unknown
X —u,

IT= o

|o

A ; .
¥ 7 follows a Student's law with n-1 degrees of freedom.

1.1.2.2 —Application and decision

The hypothesis tested is as follows:

HO: p=u0 against Hl:p # p0

A value t of the random variable T is calculated:

_ |¥— 2] _ ¥ — 24,

“v b4 =1

t calculated (tobs) is compared with the t threshold value read in Student's table

r

for risk of errorafixed and (n - 1) degrees of freedom.

o if tobs > t threshold value the hypothesis HO is rejected at the risk of error a: the
sample belongs to a population of expectation p and is not representative of the

reference population of expectation p0.
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» if tobs < threshold value the hypothesis HO is accepted: the sample is representative

of the reference population with expectation p0.

66



Mathematical statistics supplement 3rd vear LMD

random variable with mean p and variance o2 unknown. The company's
management and accounting department decided to eliminate 30% of the telephone
lines if p is less than 20000 DA. Before making a decision, we randomly chose a
sample of 49 invoices which revealed an average amount of 22,000 DA, with a
standard deviation of 8,000 DA.

At the level a= 0.05, can we conclude that there is sufficient evidence of 30%
telephone lines?

Solution :

This is a Left-tailed test for one mean.

1st method:

1st step: Formulation of hypotheses

HO:p=p0= 20000

H1:p <20000

2nd step: Calculation of the decision variable

7= VDR=2te
Vi

__22000-20000
Z_ 8000
Vas

Z=1.75
3rd step: The decision rule:
-Za=-1.645
1> -Za
1.75>1.645
So, accept HO and reject H1:p <20000.
2nd method:

1st step: Formulation of hypotheses
HO:u=p0= 20000

H1:p <20000
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Vs A
2nd step: fov.
nd step éiv /\‘E HI
erval: = |

Calculation of the lower limit of the confidence intery
o _ 8000 L

o ﬁxc V49
%, = 18120

.= = 20000-1.645. — Z

3rd step: The decision rule

We have :

<X

18120<22000

So, we accept HO and reject H1:pu <20000

Exercise 2 (Two-sided test of an average)

We have a sample of size n=16 from a Gaussian population with mean p and
unknown standard deviation. Given the following information:

X=49 o sample = 9 and under a= 0.05

Test the null hypothesis: HO:p = u0= 50

And the alternative hypothesis H1: p # p0

Solution :

This is a two-tailed test. We are less than 30 and ¢ unknown, so the decision
variable follows a student law.

Ist step :

Formulation of hypotheses

HO:p= 50
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H1:p #50
2nd step : .
Calculation of the two limits of the confidence mitgra ﬁ % critical values)

we replacecby his estimator

S= /Lce S=. \/Erg S=9.295
n—1 15

According to the student table (see appendix); a= 0.05 and df=n-1=15
T=2.131

lc =[50 — 2,131.22%; 50 + 2,131,222

Ic =[45,048; 54,951]
X=49¢€ [45,048; 54,951]
Therefore, HO is accepted.

H. is more prchable

PO

45,048 54,951
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observed on a population and a sample extracted from thlS S

[ Test For Nall Test Statistic | Distribution | Use When
Hypaothesis
(H,) ‘
Population p-p. p-p, |2z L
. | ———————] np, all-plzlo
PR P.(1-P,)
y i

Figure 25: One proportion test

The aim is to test whether or not the proportion p of elements in the population
presenting a certain qualitative character can be considered equal to a hypothetical
value PO.

The appropriate statistic for this test is the proportion P (estimator of P) whose

value is calculated on a sample of size n.

1.2.1.1 -Test statistics

The sampling distribution of the success frequency in the unknown populatlon,;

- K . .
follows a normal iaw such that:-l; follows

X i2- J—"E}—z ]

#
The variances are assumed to be equal in the reference population and the

population from which the sample is taken. The statistic studied is the difference:

S=—- p0 whose probability distribution is as follows:

S — _\-.-{D. J(pﬁ‘;’i: )
" with under HO E(S) = 0 and V(S) :B‘::!_O
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e
We can establish thanks to the cen aj w

T N
4&)) [ D,

reduced centered

variable Z such that:

K

g 5—ES)_ a4

-~
1 em‘-l )
\\ & s * i
R\, s’/
o e L ,’/'

" but only if np0 and nq0 >10
Under HO: p=p0

p[]qﬁ
J " follows a reduced centered normal law N(0,1)

1.2.1.2 —Application and decision
The hypothesis tested is as follows:
HO: p = p0 versus H1: p#p0

A value z of the random variable Z is calculated:
;\'
—— P

b

Prie
n also notedegps.

& calculated (eobs) is compared with the ethreshold value read from the table of the

z:

reduced centered normal law for a fixed error risk a (Decision rules 1).

* if eobs > ethreshold the hypothesis HO is rejected at the risk of error a: the sample
belongs to a population of frequency p and is not representative of the reference
population of frequency p0.

« if eobs < ethreshold the hypothesis HO is accepted: the sample is representative of

the reference population with frequency p0.
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Solved exercises / AP
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Exercise 1 {Two-tailed test for a proportion)

l‘i\ J-Q"JLJ 1 B
jéfcentagi/ﬁ d/efectwe parts is

2%. Given the quality of the parts produced, an inspéeti fi Svas’ carried out on 300

In a large series company, it is indicated that

parts; it was indicated that 46 parts were defective at the threshold a=5%. Can we
consider that the percentage is significant?

Solution :

1st step :

Formulation of hypotheses

HO:p=p0=0.02

Hl1:p #p0+0.02

This is a two-sided test

2nd step

Calculation of the two limits of the confidence interval: (the two critical values)

=10 — Z« (P4
Pc1=p0 s\ n
0,02.0,98
per = 0.02-1.96 |22
p., = 0,0041
Py = 0.02+ 1.96 |202078
v
p., = 0,0358

3rd step: The decision rule

=0.15=2
300
=0.15¢ [0,0041; 0,0358]

Therefore, we reject HO and the percentage considered is not significant.
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H. 1s mare probable

ot

Pc1 = 0,0041 P2 = 0,0358

Exercise 2: (Right-tailed test for a proportion)
Same previous exercise with the following question:
Can we consider this percentage to be abnormally high?
Solution :
1st step :
Formulation of hypotheses
HO:p=p0=10.02
Hl:p >p0>0.02
This is a right-tailed test for a proportion
2nd step

Calculation of the upper limit of the confidence interval:p,=p0 + Z, %q

0,02.0,98

Pe =0.02+ 1.645 |22

P = 0,033

3rd step: The decision rule

!’\__4"6_— —
300 0.15

P >pc

0.15>0.033

So, we reject HO and the percentage is abnormally high.
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H. is more prchable

o t

p. = 0,033

Exercise 3: (Left-tailed test for a propertion)

Same previous exercise by adding........ the percentage of defective parts is less
than 2%.

.....Can we consider this percentage to be significant?

Solution :

Ist step :

Formulation of hypotheses
HO:p=p0=0.02

Hl1:p <p0<0.02

This is a left-tailed test for a proportion
2nd step

Calculation of the lower limit of the confidence interval:p.=p0 — Z,, \/p;q

0,02.0,98

Pe = 0.02+ 1.645 |22

pc = 0,0067

3rd step: The decision rule

_-—?i.:
p=r==015
P >pc
0.15> 0,0067

Therefore, we accept HO and this test is not significantly<2%
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H; is more probable

A 4
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Course 8: Tests of homoger }

A
w le, of comparing two

JL_ "'e characteristic (weight,

There are numerous applications that

groups of individuals with about a paxtlculaf
height, academic performance intelligence quotient, etc.), or comparing two
manufacturing processes according to a quantitative characterization particular
(breaking resistance, weight, diameter, length, etc.), or even compare the proportions
of appearance of a qualitative character of two populations (proportion of defectives,

proportion of people favoring a political party, etc.).

1-Comparison of two means
1.1- Principle of the test
Let X be a continuous quantitative character observed on 2 populations
following a normal law and two independent samples extracted from these two

populations.

T EECE T

Figure 26: Comparison of two means from two samples
We make the hypothesis that the two samples come from 2 populations whose
expectations are equal.
There are several statistics associated with comparing two averages depending on

the nature of the data.
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Test For Nuli | Test Statistic | Distribution | Use-Wilen 1! | [ |

Hypothesis ; !
o | R = 7

R

| Differenceoftwo | 1, .= 0 (x -x.,)-0|7Z  Both normal

| means (g, — ) e e | distributions, or

a ' ? l.c}',‘_,:ur: : n., n,>30;

Vn, n, | | 0,- ¢, known

I* Differenceoftwo |y, - 1,=0 (X - %, )-0 rf?isTri_bUIiGn : n.n,<30;

| means iy, — p) ; 5 | with df=the | and/or &, &, unknown

| ’ $; , 5z |smallerof

| | \n, n. n-land

a1 .

Figure 27: Statistical tests associated wiih the comparison of two means

1.2-The population variances are known
1.2.1- Test statistics
EitherXthe sampling distribution of the mean in population 1 follows a normal law

such that:

-+
. ]

.3\.71 — N (. f_z-_} .f:_ — A (u2. )

L 2

and the same for =
X1AndX, being two independent random variables, we can establish the probability

law of the random variable to be studiedx;-2X

E(X,-X, ) =E{ X, ) - E X =py-pa
NI -X)=WE)-NE)=Z2 + &
?f]_ H:

Knowing thatix;-2X follows a normal law

We can establish thanks to the central limit theorem the reduced centered variable Z,

such that:
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[ty
[{/ sutoti \X

Z . 1[ — — =
\ Vi _E.ri = _Y_-g F

-

2 B

‘Y/ B M
Under HO:ul1 =p2

avec o7 et o; connues

=

c; O3
_._"__!.

"t "2 follows a reduced centered normal law N(0,1)

The Table 10 summarizes the case above:

one-tailed test two-tailed test
; Ho Ilq3H2 Ho i€ e Ho :pi=2
UH'IESIS o 1212 o 1% B2
hyp Hy i lq< o Hy il > lo Hy fpq# g

test statistic (%,—
{hormal distribution) 1

i
1
h%{l
i
59
+
S

deg. of freedom —

reject H, if reject Hy if

reject Hy if {2 22
1<z, 32, ject Ho if |z >z4

rejection

Table 10: Comparison of two means (variances of known populations)

1.2.2- Application and decision

The hypothesis tested is as follows:

HO:pl =p2 against H1:ul#u2

A value z of the random variable Z is calculated:
& -5

zZ= — 1NOTES auissl Sobs
l 51 G-‘\

_+ =
A H,

¢ calculated (eobs) is compared with the ethreshold value read from the

reduced centered normal law table for a fixed error risk a.
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* if gobs > ethreshold the hypothesis HO is reje % at‘the! nﬁlg ofgrror a: the two

samples are extracted from two populations \ @mg\e-xv‘emi}lbns pul and p2
respectively. '\. I /

3rd vear LMD

« if eobs < ¢ seuil hypothesis HO is accepted: the two samples are extracted from
two populations having the same expectation p.
Note: For the application of this test, it is imperative that X — N(u,c) for samples of

size < 30 and that the two samples are independent.
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Solved exercisey

Exercise 1 (Two-sided test for two means)

Consider the following table:

Company A
Number of pieces 75 82
Average amount 38500 42500
Standard deviation 3080 3375

Can we consider at the threshold ofa= 5% that the difference observed between
the average amounts is significant?
Solution :
This is a two-tailed test.
Step 1 :
Formulation of hypotheses:
HO:ul1 =p2 “the difference is not significant™
H1:nl#u2 “the difference is significant™
Step 2: calculation of the reduced decision value VDR:
VDR=Z=

~

o) &3

B M
Under HO:pl1 =p2 therefore,pl -p2 = 0 therefore,

(X, - X}

f = 1
loy O

|
'1u' A

38500—4250

1303024_33752
N 7s 82

7=-7.376
Step 3: decision rule
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o= 5% therefore:Za L= 1.96

Z=-7.37¢ [-1,96; +1,96]

significant.

H. is more prchable

Pot

Za/2=- 196 ZG(XZ: 196

Exercise 2 (Right-tailed test for two means)

Let's take the same previous example.

Can we consider at the threshold ofa= 5% that company A is more efficient than
company B?

Solution :

This is a right-tailed test.

Step 1 :

Formulation of hypotheses:

HO:pu1 =p2

Hl:ul>p2

Step 2: calculation of the reduced decision value VDR

3 =
Oy Cf:_

o M

VDR= Z=
Under HO:ul =p2 therefore,ul -p2 = 0 therefore,

(X, - %)
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38500—4250

P
30802 33752
75 82
7=-7.376

Step 3: decision rule

o= 5% therefore:Z,= 1.645
7=-7.37

Z<Zq

We accept HO and reject H1,Company A is not more efficient than Company B.

H. is more prohable

Exercise 3 (Left-tailed test for two means)

The same statement, except the question changes: can we consider at the 5%
threshold that company A is less efficient than company B.

Solution :

This is a left-tailed test

Step 1 :

Formulation of hypotheses:

HO:ul =p2

Hl:pl<p2

Step 2: calculation of the reduced decision value VDR:

{ .’E’i s ;-i_’j Y=t — 125}

o M

VDR= 7=
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Under HO:u1 =u2 therefore, ul -u2 = 0 therefore,

I;_JE-’:- =i .Y: }

_38500—42500

Z= 30802 33752
75 82
7=-7.376

Step 3: decision rule

o= 5% therefore :-Z,=- 1,645
=-7.37

Z<Ty

We reject HO and accept H1,Company B is more efficient than Company A.

L.
Ea

H. is mare probable
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1.3-The population variances are unknown a

1.3.1- Test statistics

As the population variances are not known, we assy at th e/@vb populations
LI Af""
present the same variance. H0:67 = 63 = ¢ NNy

*The equality of the variances of the two populations or homoscedasticity then makes

it possible to establish the probability law of 1x—x,with :

2

= - o = - & .
X = N —)et Xs = AN (. —)
) M

Knowing that 1x—X>follows a normal law

|/ 1t

Mpi-p, o[ —+—|.
WHy Mgy

We can establish thanks to the central limit theorem the variable T such that

(X, -X,)—(E(X,-X,) (X,-X)—(—i)

T: = = _1 e = = :
Jrix -%,) J g2 1)
& —4
Lag 5 )
Under HO:p1 =p2 witho? = o2 = o2
(X, - X}
o e
a1 1)
G| =]
VM follows a Student's distribution with (nl + n2 -2)
degrees of freedom

1.3.2- Application and decision
The hypothesis tested is as follows:
HO:ul =p2 against Hi:pl#u2
As the population variances are not known, the equality of the variances must be

checked

HOof = of = ¢°
against Hl:6? # o2
A value t of the random variable T is calculated:
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|5 -5
JG--

e | l
-2 ST 1,55
g ===

r= .
1 11

e— et em— |
n

R, M, )

With

+7,—2

1 i

bt s _ %
variance estimation ¢ common

t calculated (tobs) is compared with the threshold value read in the Student table for a
risk of errorafixed and (nl + n2 — 2) degrees of freedom.

= if tobs > t threshold hypothesis HO is rejected at the risk of error a: the two samples
are extracted from two populations having expectations 1 and p2 respectively.

« if tobs < t threshold hypothesis HO is accepted: the two samples are extracted from
two populations having the same expectation .

Noticed : For the application of this test, it is imperative that X — N(u,o) for samples
of size < 30, that the two samples are independent and that the two estimated

variances are equal.
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heq‘ﬂal | E |
If the population variances are not known and if theik estimates ﬁ m‘ the samples are
%
significantly different (variance comparison test), twd: %ée;@},os’%mst be considered

depending on the size of the samples compared:

1.3-Population variances are unknown an 'I

‘ 3

Large samples with n1 and n2 greater than 30.
Small samples with nl and/or n2 less than 30.

1.3.1-Case where nl1 and n2 > 30

The statistic used is the same as for the case where the variances are known.
Under HO:pl =p2
I;‘-‘f‘:_ - -f: J"

follows a reduced centered normal law N(0,1)
As the variances are unknown and significantly different
o7 # o5 we replace the variances of the populations with their point estimates

calculated from the samples,

The hypothesis tested is as follows:
HO:pl =p2 against H1:pl#u2

A value z of the random variable Z is calculated:

_ '-“:if if. B

T 'r E
C:’-"( , U = IS" .Sr:
" ??: \fn._: -1 n,—1

e calculated (eobs) is compared with the scthreshold value read from the

reduced centered normal law table for a fixed error risk a.

« if gobs> ethreshold the hypothesis HO is rejected at the risk of error a: the two
samples are extracted from two populations having expectations pl and p2
respectively.

* if gobs< ethreshold hypothesis HO is accepted: the two samples are extracted from
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7 Y
two populations having the same expectation p. L YR NENY %: |

Noticed : For the application of this test, it is e Tt X f:—» N(ji,0) and
that the two samples are independent. = \p,/

1.3.2-Case where n1 and/or n2 < 30
When the variances are unequal and the sample sizes are small, the probability

law followed byx-2X is not known. We then resort to non-parametric tests.
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Course 9: Tests of homoge

1-Comparison of two frequencies -
There are many applications where we must decide whether the difference
observed between two proportions is significant or whether it is attributable to
sampling chance.
As m the case of comparing two means, we must know the sampling
distribution of the difference of two proportions to conduct a test on the equality

of two proportions (or to estimate, by confidence interval, the difference).

1.1-Principle of the test
Let X be a qualitative variable taking two modalities (success X=1, failure
X=0) observed on 2 populations and two independent samples extracted from these
two populations. We make the hypothesis that the two samples come from 2

populations whose probabilities of success are identical.

Two-tailed Test Right-tailed Test Left-tailed Test
Hi: pr = ps Hy: pr=ps Ho: py = o
Hipr#ps Hi: pi > pr Hi:p: <o

Hi: pr-p2=0 Hi: pr-p2 =0 Hi:pr-p =0
Hi:pr-p 20 Hip-p>0 Hyipr-p2 <00

Figure 29: Comparison of two frequencies of two samples

The problem is whether the difference between the two observed frequencies is
real or explainable by sampling fluctuations. To resolve this problem, two frequency

comparison tests are possible:
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Testeor reduced centered variable test and chi-sf:

1.2-Test statisticse

« The sampling distribution of the frequency of succes llation 1, Follows a
normal law such as:%
1
K .- e ) ; A a.
— smit A {pi Py ot de méme pour —= suit _\ (pa. J—p 29
i 1 5 Hy

if and only if nlpl, nlql, n2p2, n2q2>5
K K,

o Lot =
}'21 RI

being two independent random variables, we can establish the probability law of the

random variable to be studied

n, M,
- -
iy 3 g . » -,
Sachant que ———= suit une loi normale \ip1-p1.

H M,
We can establish thanks to the central limit theorem the reduced centered

variable Z such that;

Under HO: p1 = p2 with

_p+ip,
p—.—-—

"+ i,
(K, K. !
Lw m )

11
Jraies
' "% follows a reduced centered normal law N(0,1)
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1.3-Application and decision - E J

I‘és\ caﬁg'j(_)?ij to

The p value, the probability of suc S/two populations, is in

k+k,

iy B 15

p=

where k1 and k2 represent the number of successes observed for sample 1 and
sample 2 respectively.
The hypothesis tested is as follows:
HO: p1 =p2 versus H1: pl#p2

A value z of the random variable Z is calculated:

i- T
s h‘.-'\

n,_ i . k+k
&= = avee p=——=
.. 1 1 M, + 15

Pﬁf; -
e &

z orecalculated (eobs) is compared with the value gthreshold read on the table of the

reduced centered normal law for a risk of error a fixed.

sifesps>cthreshold the hypothesis HO is rejected at risk of errora: both samples

are extracted from two populations having success probabilities pl and p2
respectively.

*ifeqys < ethreshold the hypothesis HO is accepted: the two samples are extracted from

two populations having the same probability of success p.

S0
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Exercise 1: (Two-tailed test for two propor
A factory produces metal parts for an auto "\ i‘le manufac rer Productlon 1S
carried out by two machines: machine 1 and mashiné“‘-%g&ogg pleces produced,

some are defective:

Machine 1 Machine 2
Number of parts checked 200 150
Number of defective 25 20
parts

Can we conclude at the significance level?a= 5% that the difference between
the proportions of defective parts produced by the two machines is significant?

Solution :

This 1s a two-tailed test.

Step 1: Formulation of hypotheses

HO: P1=P2

Hl: P1+P2

Step 2: calculation of the decision variable Z

You must check the conditions:

nlpl=5 and nlql>5

n2p2=5 and n2q2>5

pi==0.125, 200. 0.125=25>>5
200

Br==0.133, 150. 0.133= 19.5°2>5
150

~ _ nLpl+n2p2 ;
P= —Eé—z -0.128
&
_mom . k+k,
== : avee p=———s
( i £y H, + N,
( —— i
\jp | n. M,
7=-0.221

Step 3: decision rule

o1
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Zoos=1.96 § l’ u‘“AJ‘A )
4

7= -0.221€[—1,96; +1,96] ,,

- . “I..\\H‘;—h"__"_ :V
The difference between the proportions is not significant.

Mathematical statistics supplement / :'

H. is more prchable

—1,96; +1,96

Exercise 2: (Right-tailed test for two proportions)

Same exercise with the following question: can we conclude at the 5%
significance level that machine 1 is more efficient than machine 2?

Solution :

This is a right-tailed test

Step 1: Formulation of hypotheses

HO: P1=P2

H1: P1>P2

Step 2: calculation of the decision variable Z

You must check the conditions:

nlpl=5 and nlql=5

n2p2=5 and n2q2=5

Bi==0.125, 200. 0.125= 2522>5
200

fr==0.133, 150. 0.133= 19.5;"’59525
p= BEGRROE _ 519%
nl+n2
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Step 3: decision rule

Zo=1.645

Z<Zua

Therefore, we accept the null hypothesis HO and reject H1.

That 1s to say, machine 1 is not more efficient than machine 2

H. is more probable

r s

o

Z=-0.221 Zo=1.645

Exercise 3: (Left-tailed test for two proportions)

Same exercise with the following question: can we conclude at the 5%
significance level that machine 2 is more efficient than machine 1?

Solution :

This is a left-tailed test

Step 1: Formulation of hypotheses

HO: P1=P2

H1: P1<P2

Step 2: calculation of the decision variable Z

You must check the conditions:

nlpl=5 and nlql=>5

n2p2=5 and n2q2=5

0.125, 200. 0.125=2522>5
200
g3

pi=
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Pr==0.133, 150. 0.133= 19.5°2>5
150

a nl.pi+n2 -0.128
ni+n
kK
o . k+k
== s avec p=——=
1 1 M.+,
J P} —=—|
Laom,
Z=-0.221
Step 3: decision rule
-Zo=-1.645
7>7a

Therefore, we accept the null hypothesis HO and reject H1.

That is to say, machine 2 is not more efficient than machine 1.

H. is mere probable

=

£ 0

-Zo=-1.645
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Course 10: Tests of homogeneity: 't
Pl

1 £
\ /

W

1-Comparison of two variances

central value, their average but also to their dispersion.
The most used dispersion characteristic is variance.

Remember that one of the conditions for applying the Student test in the
case of comparing two means is that the samples come from two normal
populations with identical variances: 62= 63

This hypothesis can be verified using a test for the equality of two
variances called the F test or Fisher Snedecor test.

1.1--Principle of the test

Let X be a random variable observed on 2 populations following a normal

distribution and two independent samples extracted from these two populations.

B Iwo-tailed Test Right-tailed est Left-tailed Test

Hy:0f = a3 Hy af = a3 Hy:0f = a3

Hyo; =a; Hi:.a; >0; Hyo; < a;

Figure 30: Comparison of two variances of two samples

We make the hypothesis that the two samples come from 2 populations whose

variances are equal.

The variance comparison test is necessary when comparing two means when the

population varianceso? and 6 are not known. It is also the statistic with the analysis

of variance.
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1.2-Test statistics

The statistic associated with the test for\ aring twof \71ances corresponds to
the ratio of the two estimated variances.
Under Ho: 0‘% =0 %

1,
-

- 95 SYI
& =1
—_ | S 1
‘Fn-':':. — a3
: G ¥+ 3
= = S'!
.—1 ~

follows a Fisher-Snedecor law with (nl-1, n2-1) degrees of freedom withe? >

0% because the ratio of variances must be greater than 1.

1.3-Application and decision
The value of the calculated F statistic (Fobs) is compared with the Fthreshold value
read in the Fisher-Snedecor law table for risk of errorafixed and (n1-1, n2 -1) degrees
of freedom.

*if Fobs> [ threshold hypothesis HO is rejected at risk of error q: the two
samples are extracted from two populations having statistically different
variancesc7 And .3

« if Fobs < Fseuil hypothesis HO is accepted: the two samples are extracted
from two populations with the same variance.c?

Noticed: For the application of this test, it is imperative that x— % (u,6)and

that the two samples are independent.
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nna—talle&\es‘t\

- =f
' B twotailed test

) H, :of 302 \@%‘/ 4 HD Gt = L-@;
hypothesis | ° 07 2 .
Hy:o9< o3 Hy 102> 03 Hy oy # 03

isti s st laroer samnle vanance

test statistic Fel2 e _ largersample vanance

(F distribution) . 5 smaller sample variance

deq. of freedom

dfy = -1

df2 = ﬂ2'1

rejeciion

reject Hoif F > F,

reject Hy if F2Fyp

Table 11: Test of homogeneity between two variances

Solved exercise

Data wa

s collected during a study on calcium supplements and their effects on

blood pressure. A placebo group and a calcium group began the study with a blood

pressure measurement. The following results were obtained:

participants | Standard deviation
Placebo | n=13 S1=9,46
calcium | n=15 S2=8,469

At a significance level of 0.05, test the assertion that the two samples come

from populations with the same standard deviation.

We check if the conditions are met;
2

The two samples are independent.

The samples come from normal populations.

Ho: 0f = 0%

Hi:of # o7
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Test statistic

_ 9.4682

= s = 1248

Critical values this is a bilateral test with an area of 0.025 (0.05/2), we
compares F to the critical value on the right which corresponds to 3.0502

(Fisher table with o = 0.025, ddl1=12, ddI2=14, F(12, 14))

Conclusion: F <3.0502, F=1.248 is not located in the critical region. So
we cannot reject HO.

Interpretation: There is not enough evidence to reject the hypothesis

null of equality of variances.

1_:"2(p-va!ul?__

N

i3 mvaluc)

Fy Fy
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1-Regarding the power of a statistical test, which as“
A- Tt is the probability that the calculated value of t
distribution under HO.

B-It is the probability that the calculated value of the statistic belongs to the
distribution under H1.

C-It is the complement to 1 of the risk of the first kind.

D-It is the complement to 1 of the risk of the second kind.

E-It is most often chosen equal to 5%.

2-Which of the following statement (s) is (are) true?

A-The first type error consists of accepting the null hypothesis when it is false.
B-The first type error consists of rejecting the null hypothesis even though it is
true.

C-The second type error consists of accepting the null hypothesis when it is false.
D-The second type error consists of rejecting the null hypothesis when it is false.

E-The error of the first type is most often chosen to be equal to 5%.

3-A consumer association wishes to demonstrate that the average sugar intake of a
portion of product A, denoted v, is greater than 25g. To do this, it will analyze a
sample of such portions and carry out a statistical test. Determine the most

appropriate null and alternative hypotheses.

Hy : o=28H, : 742
Ho @ %225  Hq »: 7 <25
Hy : <25 . Hs = 5225
Ho 1 +<28 . H, 5225
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4-Continuation of the previous question. What type of] /f “ i
&

Two-tailed test ~ Right tailed test L

S-We consider two populations, with unknown standard deviations. We give the
results from two independent random samples, from the two populations: 1- size
nl =200; sample mean ~ x1 =9.5; sample standard deviation s1 =4.1.

2- size n2 = 300; sample mean = x2 = 8.5; sample standard deviation s2 = 3.5.
What is the point estimate of the difference between the means nl and p2 of the
two populations?

L.G [0.4: 1.6] L3 0.6

6-We consider the same situation as in the previous question. We consider the
following hypothesis test: HO: p1 —u2 > 0; Ha: pl —u2 < 0. What formula should

be used to calculate the test statistic ~ z?

= ¢ Fy—Pe 17— s _ Py — e s Ty —
= \'f'n“'id- = Silziz = T =T T e BBy

el

&1 a3 FaZ a0 g, o

Ay T Ag Vo B

7-We consider the same test as in the two previous questions. Determine the

rejection zone, for a test threshold o = 0.05.

X

J=o0f = 1.65] J—=: —1.65] U [1.65: —x]
J—ocr —1.96[ | J [196: 4o’ | == —1.96]

8- Which of the following statements regarding the null hypothesis HO of a
hypothesis test is (are) correct?

A - The decision rule is constructed assuming that HO is true

B - We formulate HO afier examining the data

C - The probability of rejecting HO when it is true is the risk of the first kind

D - We affirm that HO is true if HO is not rejected

E - In a link test, HO assumes that the 2 variables are independent (we admit that the

application conditions are verified)
100
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1- Answers: B,D

- Answers: B,C.E

3- Answer :

4- Answer :
Right tailed test

5- Answer
1.0

6- Answer :

7- Answer :

L= — 1.65]

8- Answers: A,.C.E

101



Mathematical statistics supplement 3rd vear LMD

\g AL v
Bibliographic referen %\'sff\%{&
N

.f M_LD"..U | ‘F.’: ‘I:'.
_rLi Ve

l b ¥ TH
| s\tﬁncs com;se Collectlon of

Bardin, B.M. (2016). Descriptive statistics course. Cango-Brazzavill: DEUG
HAL.

Bailly, p. Carrére, Ch (2007). Descriptive statistics - Course. Grenoble University
Press. PUG.

Bressoud, €., & kahané, C. (2010). Descriptive statistics. 2nd Pearson edition.

Dancy, c., & Reidy, j. (2023). Statistics without math for psychologists. De boeck,
3rd edition.

Elmeddah, y. (2013). The statistical method: Tests relating to variances and

means.

Goldfarb, b., & Pardoux, c. (2011). Introduction to statistical method, manual and

corrected exercises. Paris: 6th edition, Dunod.

Goldfarb, b., & Pardoux, c¢. (2013). Introduction to statistical method, statistics
and probability. Paris: 7th edition, Dunod.

Houde, L. (2014). Hypothesis Testing-Quantitative Analysis of Management
Problems. University of Quebec at Trois-Riviéres, Department of Mathematics

and Computer Science.

g, 3. . (2021). Some elements of  descriptive  statistics.

http://www.gymomath.ch/javmath.

Mazerolle, f. (2005). Descriptive statistics, LMD memo, statistical series with one

and two variables - time series. Gualino indices publisher EJA.
102



Mathematical statistics supplement

Ruch, J.-J. (2012-2013). Statistics: Hypothesis testing.

103



oyt S
Mathematical statistics supplement / > t/ﬂ\ W

J/
A7 =

3rd vear LMD

Appendix

104



STATISTICAL TABLES

TasLe A.1

Cumulative Standardized Normal Distribution

Alz) is the integral of the standardized normal
distribution from — oo to z (in other words, the
area under the curve to the left of =). It gives the
probability of a normal random variable not

A(z) being more than z standard deviations above its
e mean. Values of = of particular importance:
z A(z)

1.645  0.9500  Lower limit of right 5% tail
1.9600  0.9750  Lower limit of right 2.5% tail
2326 09900 Lower limit of right 1% tail
2576 09950 Lower limit of right 0.5% tail
3.090  0.9990 Lower limit of right 0.1% tail
3291  0.9995  Lower limit of right 0.05% tail

= 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 05000 05040 05080 0.5120 0.5160 05199  0.5239 0.5279  0.5319  0.5359
0.1 05398 0.5438 05478 05517 05557 05596 05636  0.3675 05714 0.5753
0.2 05793 05832  0.5871  0.5910 03948 0.5987  0.6026 0.6064 0.6103  0.6141

30 06179 06217 06255 0.6293 0.6331  0.6368  0.6406 06443 06480  0.6517
04 06554 0.6591  0.6628 0.666% 0.6700 0.6736 0.6772  0.6808 0.6844  0.6879
05 06915 06950 06985 0.7019 0.7054 07088  0.7123 0.7157 07190 0.7224
0.6 07257 07291 07324 07357 0.7389 0.7422 07454 07486 07517  0.7549
0.7 07580 07611 07642  0.7673  0.7704 0.7734  0.7764  0.7794  0.7823  0.7852
0.8 07881 07910 0.793%9 0.7967 0.7995 0.8023 0.8051 0.8078 08106 0.8133
0.9 08I39 0818  0.8212 08238 0.8204 0.8280 0.8315 0.8340  0.8365 0.8389
1O 0.8413 08438 08461 0.8485 0.8508  0.853! 0.8554  0.8577 08599  0.8621
1.1 0.8643 0.8665 08686 0.8708 0.8729 08749 08770 0.8790 08810  0.8830
1.2 08849  0.8869 0.8888  0.8907 0.8925 0.8944 0.8962 0.8980 08997 0.9015
13 05032 09049 0.9066 0.9082 0.809% 09115 0131 0.9147 09162  0.9177
14 09192 09207 09222 09236  0.9251 09265 09279 09292 09306 09319
1.5 09332 09345 09357 09370 09382 09394 09406 09418 09429  0.944]
1.6 09452 09463 09474 0.9484 09495 009505 09515 09525 09535 0.9545
1.7 09554 09564 09573 09382 09391  0.9599 09608 09616 09625 0.9633
I8 0.5641 0.9649 09656  6.9664  0.9671 09678  0.9686 09693 09699  0.5706
1.9 09713 09719 09726 0.9732 0.9738  0.9744 09750 0.9756  0.976] 0.9767
20 09772 09778 09783 09788 09793 09798 09803 0.9808 09812 09817
21 09821 09826 09830 0.9834 09838 09842 09846 09850 09854 09857
22 09861 09864 09868 09871 0.9875 09878  0.9881 0.9884  0.9887  0.9890
23 09893 09896  0.9898  0.9901 §.9904 09906  0.9%05  0.9911 0.9913  0.9916
24 09918 09920 09922 0.9925 0.9927 0.9929 09931 09932 09934 0.9936
25 09938 09940 09941 0.9943 09945 09946 09948 09949  0.9951 0.9952
26 09953  0.9955 09956 09957  0.9959 09960 0.9961 09962 09963  0.9964
27 09965 09966 09967 09968 09969 09970  0.9971 09972 09973 0.9974
28 09974 09975 05976 09977 09977 09978 09979 09979 0.9980  0.9981
29 09981 09982 09982  0.9983 09984 09984 09985  0.9985 0998  0.9986
30 09987 09987 09987 09988  0.998%  0.9989 09989 09989 09990  0.9990
0.9990  0.9991 0.9991 0.9991  0.9992 09992 09992 09992  0.9993  (1.9993
09993  0.9993 09994 0.9994 09994 09994 09994 09995 09995 09995
0.9995  0.9995 09995 0.99%6 09996 0.9996  0.9996 0.99%6  0.9996  0.9997
0.9997  0.9997 09997 0.9997 09997 0.9997  0.9997 09997  0.9997  0.9998
0.9998  0.9998  0.9998  0.9998  0.9998 09998 09998  0.9998  0.999%  (.999%
0.9998 09998  0.9999

WL s > L
= R T
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TaBLe A.2

¢ Distribution: Critical Values bf

bagmhm\e e k.v-" w\T /

Degrees af Two-tailed test: 0% 5% 2% 1% %) 0.1%
Jreedom One-tailed test: 5% 2.5% 1%% 0.5% 0.1% 0.05%
i 6314 12.706 31.821 63.657 318.309 636.619
2 2.920 4303 6.965 9.925 22327 31.599
3 2353 3.182 4.541 5.841 10.215 12.924
@ 2.132 2.776 3.747 4.604 7.173 8.610
5 2.015 2.571 3.365 4.032 5.893 6.869
6 1.943 2447 3.143 3.707 5.208 5.959

7 1.894 2.365 2.998 3.499 4.785 5.408

8 1.860 2.306 2.896 3.355 4.501 5.041

9 1.833 2.262 2.821 3.250 4.297 4781
10 1.812 2.228 2.764 3.169 4,144 4.587
11 1.796 2.201 2.718 3.106 4.025 4,437
12 1.782 2.172 2.681 3.055 3.930 4318
i3 1.771 2.160 2.650 3.012 3.852 422]
14 1.761 2.145 2.624 2977 3.787 4.140
15 1753 2.131 2.602 2947 3.733 4.073
16 1.746 2.120 2.583 2.92] 3.686 4.015
17 1.740 2.110 2.567 2.898 3.646 3.965
i8 1.734 2.101 2.552 2,878 3.610 3922
19 1.729 2.093 2.539 2.861 3.579 3.883
20 1.725 2.086 2.528 2.845 3.552 3.850
21 1.721 2.080 2518 2.831 3.527 3.819
22 1717 2.074 2.508 2819 3.505 3.792
23 1.714 2.069 2.500 2.807 3.485 3.768
24 1.711 2.064 2492 2.797 3.467 3.745
25 1.708 2.060 2.485 2.787 3.450 3.725
26 1.706 2.056 2479 2,779 3.435 3.707
27 1.703 2.052 2473 2.771 3421 3.690
28 1.701 2.048 2467 2.763 3.408 3.674
29 1.699 2.045 2462 A 3.396 3.659
30 1.697 2.042 2457 2.750 3.385 3.646
32 1.694 2.037 2.449 2.738 3.365 3.622
34 1.691 2.032 2441 2.728 3.348 3.601
36 1.688 2.028 2434 2.719 3.333 3.582
38 1.686 2.024 2429 2712 3.319 3.566
40 1.684 2.021 2,423 2.704 3.307 3.551
42 1.682 2.018 2418 2.698 3.206 3.538
44 1.680 2.015 2414 2.692 3.286 3.526
46 1.679 2.013 2410 2.687 3.277 3.515
48 1.677 2.011 2407 2.682 3.269 3.505
50 1.676 2.009 2403 2.678 3.261 3496
50 1.671 2.000 2.390 2.660 3.232 3.460
70 1.667 1.994 2.381 2.648 3.211 3435
80 1.664 1.990 2374 2.639 3.195 3.416
%0 1.662 1.987 2.368 2.632 3.183 3.402
100 1.660 1.984 2.364 2.626 3.174 3.390
120 1.658 [.980 2.358 2617 3.160 3.373
150 1.655 1.976 2.351 2.609 3.145 3.357
200 1.653 1.972 2.345 2.601 3.131 3.340
300 1.650 1.968 2.339 2592 3.118 3.323
400 1.649 1.966 2.336 2.588 3.111 3.315
s00 1.648 1.965 2334 2.586 3.107 3310
600 1.647 1.964 2.333 2.584 3.104 3.307

5
o 1.645 1.960 2326 2.576 3.090 3.291
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18 20

161.45 199.50 215.71 224.58 230.16 233.99 236.77 238.88 240.54 241.88 243.91 245.36 246.46 247.32 248.01
1851 19.00 19.16 1925 1930 1933 1935 1937 1938 1940 1941 1942 1943 1944 1945
10.13 955 928 912 001 894 889 885 881 879 874 871 869 867 8.66
7.71 694 6359 639 626 616 609 604 600 59 591 587 584 582 580

6.61 579 541 519 505 495 488 482 477 474 468 464 460 458 4356

1
2
3
4
=,
6 599 5104 476 453 439 428 421 415 410 406 400 396 392 390 387
7 559 474 435 412 397 387 379 373 368 364 3357 353 349 347 344
8 532 446 407 384 369 358 350 3. 339 335 328 324 320 317 315
9 512 426 386 3.63 348 337 329 323 318 3.14 307 303 299 29 294
0 49 410 371 348 333 322 314 3.07 302 298 291 286 283 280 277

11 484 398 359 336 320 309 301 295 29 285 279 274 270 267 265
12 475 389 349 326 311 300 291 28% 280 275 269 264 260 257 254
13 467 381 3401 318 3.03 292 283 277 271 267 260 255 251 248 246
14 4060 374 334 3101 29 285 276 270 265 260 253 248 244 241 239
1§ 454 368 329 306 290 279 271 264 259 254 248 242 238 235 233

16 449 5363 324 301 285 274 266 259 254 249 242 237 233 230 228
17 445 359 320 296 281 270 261 255 249 245 238 233 229 226 223
18 441 355 316 293 277 266 258 251 246 241 234 229 225 222 219
19 438 352 313 290 274 263 254 248 242 238 231 226 221 218 2.16
20 435 349 3100 287 271 260 251 245 239 235 228 222 218 215 212

21 432 347 07 284 268 2357 249 242 237 232 225 220 216 212 210
22 130 344 305 282 266 255 246 240 234 230 223 217 213 210 207
237 232 227 220

23 428 342 303 280 264 2353 244 215 211 208 205
24 426 340 3.01 278 262 251 242 236 230 225 218 213 209 205 203
25 424 339 299 276 260 249 240 234 238 224 216 211 207 204 201
26 422 337 298 274 259 247 239 232 227 222 215 209 205 202 199
27 421 335 29 273 257 246 237 231 225 220 213 208 204 200 197
28 420 534 295 271 25 245 236 229 224 219 212 206 202 199 196
29 418 3533 293 270 255 243 235 228 222 218 210 205 201 197 194
3¢ 417 332 292 269 253 242 233 227 221 216 209 204 199 19 193
35 402 327 287 264 249 237 229 222 216 211 204 199 194 191 188
40 408 323 284 261 245 234 225 218 212 208 200 195 190 1.87 184
50 403 518 279 256 240 229 220 213 207 203 195 1.8 185 1.81 178
60 4.00 315 276 253 237 225 217 210 204 199 192 18 182 1.78 1.75
70 398 313 274 250 235 223 214 207 202 197 189 18 179 175 1.72
8 396 3.1 272 249 233 221 213 206 200 195 188 18 1.77 173 L70
9 395 310 271 247 232 220 211 204 199 194 186 1R 176 1.72 1.69
160 394 309 270 246 231 219 210 203 197 193 185 179 175 1.71 1.68
120 392 3.07 268 245 229 218 209 202 19 191 183 178 173 169 166
IS0 390 306 266 243 227 216 207 200 194 189 182 176 171 167 164

200 389 3.04 265 242 226 214 206 198 193 188 180 174 169 166 162
250 388 3.03 264 241 225 213 205 198 192 187 179 173 168 165 16l
300 387 303 263 240 224 213 204 197 191 18 1.78 172 168 1.64 1.6l
400 386 3502 263 239 224 212 203 196 190 185 1.78 172 1.67 1.63 1.60
500 386 301 262 239 223 212 203 196 19 18 177 171 166 162 1.59

600 386 301 262 239 223 211 202 195 190 185 1.77 171 166 1.62 159
750 385 301 262 238 223 211 202 195 189 18 1.77 170 1.66 162 1.58
1060 385 300 261 238 222 201 202 195 189 18 176 170 165 1.61 1.8



